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A MIRROR CONSTRUCTION FOR THE BIG EQUIVARIANT QUANTUM 
COHOMOLOGY OF TORIC MANIFOLDS 


HIROSHI IRITANI 

Abstract. We identify a certain universal Landau-Ginzburg model as a mirror of the big 
equivariant quantum cohomology of a (not necessarily compact or semipositive) toric man¬ 
ifold. The mirror map and the primitive form are constructed via Seidel elements and shift 
operators for equivariant quantum cohomology. Primitive forms in non-equivariant theory are 
identified up to automorphisms of the mirror. 


1. Introduction 


The big quantum cohomology of a smooth projective variety X is a formal family of 
commutative products * T on the space II*{X)\Q\ parameterized by r € H*(X), which 
gives the cup product at the limit Q = r = 0. Here 0 is the Novikov variable that keeps track 
of the degree of rational curves in A". It is well-known that the quantum product * T defines a 
flat connection on the tangent bundle of H*(X) with parameter z £ C x 

V Q = d a + z _ 1 (ct* T ) for a £ H*(X) 


called the quantum connection. This connection defines the structure of a P-module on the 
tangent sheaf of H*(X); by a slight abuse of language we refer to this P-module also as 
quantum connection. In this paper, we study mirror symmetry for the quantum connection 
of a toric variety. More precisely, we identify the quantum connection with the Gauss-Manin 
connection associated with a function (Landau-Ginzburg potential) on the algebraic torus 
(C X ) D of dimension D = dim A. 

Givental | [24| . |22| ] and Hori-Vafa [[33]] proposed that a mirror of a toric variety is a Laurent 
polynomial function on (C X ) D of the following form: 


(LI) 


F(x) = Q^x bl H- VQ pn 


x 


X 


e (C 


x\D 


where bi,... ,b m £ N = Z° are primitive generators of one-dimensional cones of the fan E 
of the toric variety A s , fa = f3(bi ) £ H 2 (X s , Z) is a certain curve class determined by the 
choice of a splitting of the fan sequence (see §[L3|). Givental’s mirror theorem [ |22j ] implies, 
when the toric variety As is compact and ci(As) is semipositive, that the smalf[] quantum 
cohomology of AA is isomorphic to the Jacobi ring of F(x) and that the small quantum 
connection of As is isomorphic to the twisted de Rham cohomology H D (fl* cx , D [z], zd + 
dF A) equipped with the Gauss-Manin connection. Givental | [22| ] also showed that a mirror 
of equivariant quantum cohomology is given by adding a logarithmic term to the potential: 
F\{x) = Fix) + Y-Ji=\ l°g x i . where A|..... arc the equivariant parameters for a torus 
T = (C x ) / ' ) acting on the toric variety AA. 


'.Small means that the parameter r is restricted to lie in II 2 ; big means that the parameter space is the whole 
cohomology group. 


1 




2 


HIROSHI IRITANI 


A generalization of this result to big quantum cohomology has been studied by Barannikov 
[j3p and Douai-Sabbah [jT7|]. They obtained big quantum cohomology mirrors of (weighted) 
projective spaces by adding to F(x) monomial terms which form a basis of the Jacobi ring. 
This leads to an isomorphism of Frobenius manifolds between the A-model (quantum coho¬ 
mology) and the B-model (singularity theory). 

The aim of this paper is to describe mirror symmetry for both big and equivariant quantum 
cohomology. It turns out that the mirror has a simple description. We introduce a universal 
Landau-Ginzburg potential F x (x: y) of the form: 

F\(x] y) = ^2 VkQ m x k ~ A • log x. 

k 


Here the sum is taken over all lattice points k G N in the support E of the fan, 6(k) G 
H 2 (X s , Z) is a certain curve class (it is determined by the conditions that (3(bi) — fa, 1 < i < 
m and that /3(k + /) = /3(k) + /3(l ) whenever k, l belong to the same cone of S; see § P3| ) and 
y = {yk} is an infinite set of parameters. The infinitely many parameters y of the Landau- 
Ginzburg potential F x (x: y) correspond, under mirror symmetry, to the parameter r in the 
equivariant cohomology IIj(Xy X ) which is also infinite dimensional. The twisted de Rham 
cohomology of the universal potential F x gives the Gauss-Manin system G\l(F x ) which 
forms a P-modulc over the y-space via the Gauss-Manin connection. Roughly speaking, 
GM(F X ) consists of volume forms tp(x] y)^- • • • on the torus (C X ) D and the D-module 
structure is defined in such a way that the oscillatory integrals 


<p{x; 

X 1 


dXD 

X D 


are solutions. We refer to §X3] for a precise definition; we define G\l(F x ) over the ring of 
formal power series in the parameters y. Our main theorem is stated as follows. 


Theorem 1.1 (see Theorem [ 3 .2 1| , Corollary | 3 . 22 | for precise statements). Let N = 7L d be 
a lattice and let £ be a fan i/i N g 1 which defines a smooth semi-projectiv ef] toric variety 
having a torus-fixed point. There is a formal invertible change of variables (mirror map) 
between the A-model parameter r G //f (AA : ) and the B-model parameter y such that the 
Gauss-Manin system GM(F X ) of F\ is identified with the big equivariant quantum connection 
of As and that the Jacobi ring of F X is identified with the equivariant quantum cohomology 
ofXx, under the mirror map. 


The key ingredients of the proof are Seidel elements and shift operators for equivariant 
quantum cohomology. In fact, the above theorem follows almost as a formal consequence of 
properties of these operators. A Seidel element is an invertible element of quantum cohomol¬ 
ogy associated to a Hamiltonian circle action on a symplectic manifold, introduced by Seidel 
([56]]. This can be “lifted” to the equivariant setting and yields a shift operator for equivariant 
parameters [ (47| . [5. [|2] |38| (. The mirror map and the mirror isomorphism in the above theorem 
can be described as follows: 


'This is equivalent to Xy, being a GIT quotient of a vector space. We do not assume that As is projective or 
Ci (As) is semipositive. 
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Theorem 1.2 (a generalization of [|25j]; Proposition p.6| ). The mirror map y ha r(y) is char¬ 
acterized by the differential equation 


M y) 

dyk 


Sk(r( y)) 


together with a certain asymptotic initial condition, where S k (j) is the Seidel element asso¬ 
ciated to the C x -action k E N. Here we identify N with the cocharacter lattice Hom(T, C x ) 
of the natural torus T acting on X%. 


Theorem 1.3 (Theorem |3.24| Corollary [3,26p . Introduce another infinite set y + = {y k r 


k E N n 
GM(F a ): 


E |. n = 1,2,3,...} of variables and consider a formal family of elements in 


^(y + ) = exp 


oo 


X/ Z ^ - )k ' r 

. fcGNn|S| n= 1 


n—1 


Q 




dx 1 dxn 

—- A ■ • • A—-. 

Xl x D 


The image T(y, y + , z ) G Hf(Xs) [z] [Q] [y, y + ] ofuj(y + ) under the mirror isomorphism in 
Theorem M is characterized by the differential equation: 


9T(y,y+,z) 

dy k ,n 


= z 


n—1 


§ fcO(y))]+ T (y>y + 5 -) 


n = 0,1, 2, 


together with a certain asymptotic initial condition, where S/,(V) denotes the shift operator 
associated to the C x -action k E N and we set y k) 0 := Uk- In particular, a primitive form in 
the sense ofK. Saito [ |54j ] is given by cu(y + ) with y + satisfying T(y, y + , z) = 1. 


Mirror symmetry for non-equivariant big quantum cohomology follows immediately by 
taking a non-equivariant limit of Theorem [TTT]. In order to obtain a Landau-Ginzburg potential 
and a (cochain-level) primitive form in the non-equivariant setting, we need to choose a for¬ 
mal map (s, f): H*(Xff)lQ] —> H x (Xjk){Q\ x Hf{Xff)[z]\Q\ such that the non-equivariant 
limit of (s(cr), f (cr)) equals (a, 1) for a E The pull-back s*F of the universal 

Landau-Ginzburg potential with A = 0 gives a universal unfolding of the original potential 
( |TT] ) (for some choice of s; see Proposition |4~4l) and the data (s, f) associates a primitive form 
£( Si f) of the Gauss-Manin system GM(s*F). These primitive forms associated with various 
choices are related to each other by co-ordinate changes of the mirror. 

Theorem 1.4 (Theorems |4~2| , [4~8j and Corollary [T9]). The Gauss-Manin system GM(S' F) of 
s*F is isomorphic to the non-equivariant big quantum connection of X%. Moreover, oscilla¬ 
tory primitive forms exp (s*F/z)Qs,j) associated with various data (s, f) are related to each 
other by reparametrizations of the mirror. 


We observe that reparametrizations of the mirror form an infinite-dimensional formal 
group JQ. The group JQ reduces the equivariant theory to the non-equivariant one: in terms 
of Givental’s Lagrangian cone |[23|l. the non-equivariant Givental cone can be regarded as the 
orbit space of the equivariant Givental cone under a JQ -action (see Theorem [O and Remark 
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The mirror map and primitive forms can be calculated concretely in terms of the following 
hypergeometric series, called the extended I-function |[T2|]: 


I (y, z) = Z e^=i^o gyi /z y e Q d ^ j ] j 


^GL eff 


<i= 1 


ric=-oo ( M »+ cz ) 

ni-oo ( u i+ cz ) J n^ec 


where L eff is the index set defined in h [3T2| and G = (N fl |E|) \ {b 1: ..., We deduce 
the following theorem from basic properties of shift operators, without relying on the mirror 
theorem [ jT2| j for the extended /-function. 


Theorem 1.5 (Corollary [x4|). We set y k (z) = y k + y k)n z n and y(z) = {y k (z) : k G 
N D |E|}. The primitive form of the equivariant mirror is given by cu(y + ) for y + such that 
one has I(y(z), z) = z( 1 + 0(^ 1 )). Moreover, for such y + , the asymptotics I(y(z), z) = 
z + r(y) + 0(z ~ 1 ) determines the mirror map r(y). 


The primitive form in this paper is given as a formal power series in the parameters y, and 
should be thought of as a “formal primitive form” in the sense of Li-Li-Saito (see also 
[|55[]). Note that our primitive form is defined over the Novikov ring. 

Cho-Oh [g] and Fukaya-Oh-Ohta-Ono [ fl~5| , [T9[ . [20] constructed the Landau-Ginzburg po¬ 
tential as a generating function of open Gromov-Witten invariants. Their potentials were 
computed for compact semi-positive toric manifolds by Chan-Lau-Leung-Tseng [^] via Sei¬ 
del representation (see also [25p). It is natural to ask if our inverse mirror map r y k (j) 
(and the function r hg y + (r) giving the primitive form) is a generating function of certain 
open Gromov-Witten invariants. We would like to draw attention to the related approach of 
Gross |[29|l using tropical disc counting and that of Gonzalez-Woodward ||27|l using quantum 
Kirwan maps. We also remark that the present approach via Seidel representation is closely 
related to the viewpoint of Teleman [[57]] on mirror symmetry. 


Remark 1.6. When we talk about formal power series in y and y + , we always mean a 
function on the formal neighbourhood of the base point given by y bl = ■ ■ ■ = y brn = 1, 
y k = 0 for k G G := (N fl |£|) \ {&i,..., b m } and y k>n = 0 for all k G N fl |E| and n > 1. 
This base point corresponds to the original potential (|TTT]). 


Acknowledgements. I thank Eduardo Gonzalez and Si Li for very helpful discussions. Joint 
work [|25j] with Eduardo Gonzalez was a starting point of the present research. Si Li sug¬ 
gested me to consider deformations of F(x) by infinitely many monomials. This research 
is supported by JSPS Kakenhi Grant Number 16K05127, 16H06337, 25400069, 26610008, 
23224002, 25400104. 


Notation. 

• T = (C x ) dimT is an algebraic torus; we write T := T x C x ; 

• A" is a smooth T-variety (satisfying the assumption in §|2|); 

• A" s is a smooth toric variety associated to a fan E; in this case T = (C x ) dim 

• (A, z) G Lie(T) x Lie(C x ) = Lie(T) denote variables on the Lie algebra; 

• i/i( pt) = C[A, z] is the ring of polynomial functions on Lie(T); 

• H* (X) = II*. (A") [z] where T acts on X via the projection T —» T; 
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• H£(X) i oc := H*~(X) Frac(//~(pt)) = H£{X) Frac(-H|(pt)[z]); 

• All (co)homology groups have C coefficients unless otherwise specified; 

• T (k) is given in Notation pTT( : 

• yk is a variable associated to a lattice point k e |E|; yi — for 1 < i < m. 


2. Shift operators in Equivariant Gromov-Witten Theory 


In this section we recall basic definitions of equivariant Gromov-Witten invariants and 
shift operators. Shift operators first appeared in the work of Okounkov-Pandharipande 
[|47] for quantum cohomology of Hilbert schemes of points on C 2 ; they are also stud¬ 
ied by Braverman-Maulik-Okounkov [!;5], Maulik-Okounkov [ 42] and the author [pH]]. Let 
T = (C x ) dimT be an algebraic torus. Let X be a smooth variety over C equipped with an 
algebraic T- action. We assume the following conditions. 

• X is semi-projective, i.e. the natural map X —* Spec (if 0 (X, O)) is projective. 

• The set of T-weights of H 0 (X,O ) is contained in a strictly convex cone in 

Hom(T, C x ) <g> R and H°(X, Of = C. 


In this paper we only need the case where A" is a toric variety, but the shift operator makes 
sense for general X as above. The above conditions ensure that the T -fixed set X T is projec¬ 
tive, and also that X is equivariantly formal, i.e. Il* r {X) is a free 7/f (pt)-modulc and one has 
a (non-canonical) isomorphism H^(X) = H*(X) <8) c 77^(pt) as an H? (pt) -module, see f|38| . 
Proposition 2.1]. These conditions make equivariant Gromov-Witten invariants well-defined 
and ensure the existence of a non-equivariant limit for quantum cohomology. 


2.1. Formal power series ring. Let Eff(A) C IIo(X. Z) denote the semigroup generated 
by effective curves. Lor a module (or a ring) M, we write M\Q ]| for the space of formal 
power series of the form: 

Y a dQ d i a d e M. 

de Effpr) 

Here Q is a formal parameter called the Novikov variable. Lor a countable set x = 
{aq, x 2 , x 3 ,... } of variables, the space M[x] of formal power series in x with coefficients in 
M consists of formal sums of the form: 

'Y J n/x 7 , a] G M 

i 

where the index / ranges over all sequences (?i, i 2 , 2 . 3 ,... ) of non-negative integers such that 
< 00 and we set x J = n^Li^n"- The space M[x] can be also described as the 
projective limit of the spaces M\x 1,..., x n ]. Note that we shall abuse notation when we use 
the variable y and write M[y], see § |3T2] and Remark [O]. 

Recall that a topology on a module (or ring) is said to be linear if the fundamental neigh¬ 
bourhood system of 0 is given by submodules (resp. ideals). Let M be a linearly topologized 
module (or ring) and let {M u C M} denote the fundamental neighbourhood system of 0. 
The topology on M[x] is defined by the following fundamental neighbourhood system of 0: 
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where X ranges over all finite sets of exponents I. The topology on M[Q] is defined similarly. 
The convergence in M[x] (or in M [Q]) is the coefficient-wise convergence: a sequence in 
M[x] converges if and only if the coefficient of x 1 converges in M for each I. When M is 
complete, the spaces M[Q], M[x] are also complete. 


2.2. Quantum cohomology and quantum connection. For equivariant cohomology 

classes a±,... ,a n G H^(X), d G H 2 (X , Z) and non-negative integers c 1} ..., c n G Z> 0 , 
we have equivariant Gromov-Witten invariants 


(a^ 01 , a 2 i>° 2 , • • • 


X,T 
0 ,n,d 



taking values in the fraction ring Frac(7/f(pt)) of 7/f(pt). Here X( iJl:( j denotes the moduli 
space of genus-zero stable maps to X of degree d and with n markings, [A4),„ :(: /] v ; r denotes its 
virtual fundamental class, ev,: X t] n d —y X is the evaluation map at the 7 1 h marking and ?/y 
is the first Chem class of the universal cotangent line bundle at the ith marking. When X is 
not proper, the right-hand side is defined by the virtual localization formula [j|, | 28 ] and thus 
belongs to Frac(i7£(pt)). 

The equivariant quantum product * T with r G //f (A") is given by 

n>0 de Eff (X) 


for a, (3 ,7 G H^(X), where (cc, /3) = f x a U f3 is the equivariant Poincare pairing taking 
values in Frac(77|.(pt)). Let To,T n be a basis of H^(X) over (pt) and write r = 
t' T,. The product v r defines a commutative ring structure on 

Notice that the product a* T (3 lies in II'* r (X)\()\ [r°,..., r A ], i.e. we do not need to invert 
equivariant parameters. This follows from our assumption that X is semi-projective (see [38j, 

§2.3]). 

The quantum connection V is a pencil of flat connections on the tangent bundle 

TH*{X ) = H*(X) x H*(X) of H* (X) defined by 

V a = d a + z~ 1 (ax T ) 

where z is the pencil parameter, r G IIj(X) denotes a point on the base, a G IIp(X) and d a 
denotes the directional derivative. This is known to be flat, and admits a fundamental solution 

M(r,z ) G End(TF^X))[z _ 1 ][Q][r] such that 


d a o M (r, z) = M (r, z) o V c 

In this paper, we use the following fundamental solution [ j2T| , §1], [{49. Proposition 2]: 

</_/. _ _ p 

n\ 


( 2 . 1 ) 


(M(t, z)a, f3) = (a, /3) + ^ ^- / 


O, T, . . . , T, 


d€Eff(X),n>0 

(d,n)^( 0 , 0 ) 


Z — ^ 


X,T 


0,n-\-2,d 


where l/{z — -0) should be expanded in power series ip n z n 1 . We regard the pencil 
parameter z as an equivariant parameter for an additional C x . Set T = T x C x and consider 
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the T-action on X induced by the natural projection T —» T. By the localization method, we 
find that M (r, z) defines an operator 

M(r,z)-. ff|(X)[Q][r] -4 fff(X) loo [Q][r], 

where H~(X)\ oc = H~(X) 0 H *( ptij Frac(7/|.(pt)) is called the Givental space. 


2.3. Shift operators. For a cocharacter k : C x —* T of T, we say that k is semi-negative if 
k pairs with every T-weight of H°(X, O) non-positively. Here we adopt the convention that 
T acts on a function / G H°(X, O) as (t ■ f)(x) := /(f _1 x). We consider a shift operator 
associated to a semi-negative cocharacter. 

For a cocharacter k of T, we consider the space 

(2.2) E k (X x (C 2 \ {(0, 0)})) /C x 

where C x acts on X x C 2 by s ■ ( x , (vi,v 2 )) = ( s k x , (s _1 Ui, s _1 n 2 )) and s k denotes the 
image of s G C x under k. The space E k is a fiber bundle over P 1 with fiber A". The group 
T = T x C x acts on E k by (t, u ) • [x, (iq, v 2 )] = [tx, (vi,uv 2 )\. Let A" 0 denote the fiber of E k 
at [1, 0] G P 1 and X^ denote the fiber of E k at [0,1] e P 1 . Note that the induced T-actions 
on X 0 and are given by 

(t,u) ■ x = t ■ x for x £ Ao; 

(t, u) ■ x = tu k ■ x for x G Xoo. 

We have an isomorphism ( l> k : H~( A 0 ) = X^) induced by the identity map X 0 = X :OC , 

and the group automorphism T —> T, (t, u ) i-)- ( tu k , u). Notice that <f> fc is not a homomor¬ 
phism of H~( pt)-modules but satisfies the property: 

<F fc (/(A, z)a) = /(A + kz, z)$ k (a) 

for f(X,z) G //i(pt). Here A G Lie(T) and z G Lie(C x ) are equivariant parameters for 
T and C x respectively and we identify //| (pt) with the ring of polynomial functions on 
Lie(T) x Lie(C x ). We have an isomorphism [|38], Lemma 3.7] 

H* f (E k ) = { (a, 0) G H* f {X 0 ) © H* f (X^) : a - $ k l P = 0 mod z} 

which sends 7 to (tIxoj Tlx*,)- We write f G H~(E k ) for the lift of r G H^( X) such that 
f \x 0 = r and fl.Yoo = ®k(T). The assignment r (->• f is not (pt)-linear. 

Let H 2 ec (E k ,Z) denote the subset of H 2 (E k ,7j) consisting of section classes d G 
H 2 (E k , Z) such that n *(<i) = [P 1 ], where 7 t: E k -0 P 1 is the natural projection. We set 
Eff (E k ) sec := Eff (E k ) n H s 2 ec (E k , Z). Consider the C x -action on A induced by k: C x -0 T 
and the T-action on X. To each C x -fixed point x G X, we can associate a section 
a x = {x} x P 1 of 7T: E k —> P 1 . When k is semi-negative, there exists a unique connected 
component T min of the C x -fixed set A" cx such that C x -action has only positive weights on 
the normal bundle of F min in X (see [[38]. §3.2]). The section class associated to a fixed point 
in T rnm is called the minimal section class and is denoted by a min (k). 


Lemma 2.1 ([|78], Lemma 3.5, Lemma 3.6]). Let kbe a semi-negative cocharacter of T. Then 


E k is semi-projective and Eff (T, 


k J sec = <Tn 


.(k) + Eff(A). 
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Definition 2.2 (shift operator). Let k: C x —> T be a semi-negative cocharacter. For r G 
# t(X), define a map S fc (r) : H* f (X 0 )[Q] -G #£(*«,) [Q] by ' 


(s fc (r)a,/3) = J3 53 

n=0 deEft(E fe ) sec 


Q 


d~a min(fe) 


n! 


(to*ci5 i •• 


Ti too*/3) 


Ek,T 

0,n+2,d 


where a G H~(X 0 ), /3 G Ht^X^) and / 0 : A 0 —* E k , p*,: X^ — > E k are the natural inclu¬ 
sions. We define S fc (r) := ^ o § fc (r) : F/L(A 0 )[(3] ->■ F/L(A 0 )[(3]. Note that § fc (r), § fc (r) 
are defined without inverting equivariant parameters, which again follows from the fact that 
E k is semi-projective, see [3SJ, Remark 3.10]. Note also that § fc (r) is //I (pt)-linear, but § fc (r) 
satisfies § fc (r)(/(A, z)a) = /(A - kz, z)§> k (r)a for f(X,z) G H~( pt) and a G H~(X). 

We also introduce a (constant) shift operator acting on the Givental space Ht(X) }oc . 


Definition 2.3 (shift operator on H~(X)\ oc ). Let k: C x —> T be a semi-negative cochar¬ 
acter. Let X r = |_| ■ denote the decomposition of the T-fixed set X T into connected 
components. Let be the normal bundle of F, in X and let = 0 a N lXl be the decom¬ 
position into T-eigenbundles, where T acts on N ij0l by the weight a G Hom(T, C x ). We 
write c(N i}Ct ) = + pi tCe ,j) with p ijCt j being the virtual Chern roots of N i)0l . Let 

ai(k) G H 2 (E k: Z) sec denote the section class of E k given by a T-fixed point in F t . We set 


rank(A r i jCt ) 

A t(k) := Q ai ^- a -m( fc ) J j ]Q 

a j= 1 


ric=-oo(Pi,aj + « + CZ) 

+ OL + cz) 


Using the localization isomorphism [[2]] 


t *: ioc = Hf(X T ) loc = ® H*(FJ ® c Frac(tf|(pt)) 

i 


given by the restriction to the fixed set X T , we define the operator S k : H~{X)\ oc —* 
H~{X)\ oc by the commutative diagram: 


HUX) 


loc 


HUX T \ oc 


) ; A i{k)e~ kz9 \ 


H~(X) 


loc 


HUX T ) loc 


where e kzdx acts on Frac(7/1 (pt)) = C(A, z) by the shift of equivariant parameters 

/(A, z) /(A - kz,z). 

Proposition 2.4 ((Q [3BJ Theorem 3.14, Corollaries 3.15, 3.16]). Let k,l be semi¬ 
negative cocharacters ofT. We have the following properties. 

(1) M(r, z) o S fe (r) = S k o M(r, z) 

(2) The shift operators commute with the quantum connection, i.e. [V a , E> k (r) = 0 for 
any a G Hf(X). 
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(3) We have § fc (r) o § z (r) = Q d ^ k ’ l) S k+ i(r), S k o = Q d ^ k ' l) S k+ i for some d(k,l ) G 
Ho(X , Z) which is symmetric in k and l; in particular the shift operators commute 
each other: [§ fe (r), S z (r)] = [S k . 5;] = 0. 

We give an explicit description for d(k, l ) in the above proposition. Let ET —y BT denote 
a universal T-bundle with ET = (C°° \ {0}) dimT and BT = (p oo ) dimT . Consider the Borel 
construction X T — X x T ET of X. This is an A"-bundle over BT. A cocharacter k of 
T induces a map <p k \ P 1 C P°° = BC X BT and the A-bundle E k can be naturally 
identified with the pull-back <p* k XI t of the Borel construction. Therefore we have a natural 
map E k —> Xt- Using this, we can compare section classes in Hf c ( E k ) for various k in the 
single space Ilf (A) = H 2 {X T ). Note that Hf r (E k ) becomes a subgroup of Ilf (A) by the 
equivariant formality [ j38[ . Proposition 2.1] of A. We have the following lemma: 

Lemma 2.5. We have d(k, l ) = o m \ n (k + l) — o m \ n (k) — <r m i n {l) in Hf(X). 

Proof. A straightforward calculation shows that S k o Si = () d(k ’ l, S k+ i for some d(k. I ) G 
H 2 (X) satisfying 

(afk) - a min (k)) + (afl) - cr min (7)) = (afk + l) - cr min (fc + l)) + d(k, l ) 

for each fixed component F, C X T , where crfk) G Idf c ( E k ) denotes the section class 
associated to F t as in Definition |2]^. We may regard this as a relation in H 2 (X T ) by pushing 
it forward along the inclusion A r -G X T . Since a fixed point in F r defines a section of the 
Borel construction X T , it follows that afk) + crfl ) = afk + l ) in H- 2 (X T ). The conclusion 
follows immediately. □ 


Definition 2.6 (Seidel elements). Let k: C x —> T be a semi-negative cocharacter. The Seidel 
elements are defined as S k (r) := lim ,^. 0 Sfe(r)l. 


By part (2) of Proposition |2~4] , lim 2 ^. 0 Sfc(r) commutes with the quantum multiplication 
and therefore we have 


lim §fc(r) = (Sk(r)* T ). 

z^O 


By part (3) of Proposition \ we have S k (r) * T Sfr) = QF k TS k+ i{f). This gives the 
Seidel representation [5T]. ^3], [TS ] of the monoid of semi-negative cocharacters on equivariant 
quantum cohomology. 


Definition 2.7 (commuting vector fields [ [TR j, §4.3]). For a semi-negative cocharacter k of T, 
we define a vector field V fc on Hf{ X) x H* f ( X) = Hf( A) x Hf(X) [z] by 

(V fc ) Ti r = (5fc(r), [z -1 § fc (r)] + r) 

where (r, T) G Hf( A) x Hf(X) and [^“ 1 S fc (r)] + T := ^ _ 1 § fc (r)T — z~ l S k {r) * T T. The 

vector fields X k commute each other: [V^, V/] = 0. 


Remark 2.8. The fundamental solution M (r, z) in ( |2.1| ) defines a map 

Hf{ X) x HU A) —> HU A)i oc , (r, T) ^ zM{t , z) T. 


The image of this map is known as the Givental cone [ |23|] . Under this map, the vector field 
V fc corresponds to the linear vector field on Hf( A) loc given by f t—)■ z^Sk f (see [^ 8 ], §4.3]). 
The commutativity of the vector fields X k follows by Proposition [2.4] . (3). 
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3. EQUIVARIANT MIRRORS OF TORIC MANIFOLDS 

3.1. Toric manifolds. We collect basic definitions and facts about toric manifolds, for which 
we refer the reader to [ [461 . UU] • Let N be a free abelian group of finite rank. Consider a rational 
simplicial fan £ in Nr = N ® R. such that 

• each cone of £ is generated by part of a Z-basis of N; 

• the support |£| = [Xes ° °f the fan £ is full-dimensional and convex; 

• there exists a strictly convex piecewise linear function /: | £ | —* R which is linear on 
each cone of £. 

These conditions ensure that the corresponding toric variety X% is smooth and satisfies the 
conditions in §[|. Let b\,... ,b m £ N denote primitive generators of the one-dimensional 
cones of £. These define the fan sequence 

0 -> L -> Z m n -» 0 

where the third arrow sends the standard basis e* £ Z m to bi £ N and L is the kernel of 
Z m —» N. For a subset I (Z {1,..., m}, we write 07 for the cone generated by {bi : i £ /}. 
Define K := L <g> C x . Since L is a subgroup of Z m , K is a subgroup of (C x ) m and thus K 
acts on C m . The toric variety A">- is defined as the quotient 

X s = (C m \ Z)/K 

where Z c C m is defined as the zero set of the ideal generated by monomials n [ < i<m ictj z i 
with / C {1,..., m} such that the cone 07 belongs to £. Here zi,... ,z m are the standard 
co-ordinates on C m . The torus T := (C X ) m /K naturally acts on X%. By tensoring the exact 
sequence ( |3T|) with C x , we find T = N <g> C x . In particular the lattice Hom(C x ,T) of 
cocharacters is identified with N. The toric variety contains the torus T = (C X ) m /K, 
and a character x £ Hom(T, C x ) = N* of T extends to a regular function on A s if and only 
if A • v > 0 for all v £ |£| CN 8 R. The space H 0 (X S , O) of regular functions is generated 
by such characters, and therefore we find that a cocharacter k £ N of T is semi-negative]] if 
and only if k & \ £ |. 

Notation 3.1. For k £ N D |£|, take a cone 07 G £ containing k and write k = Yhiu 71 ^- 
Define a vector 'k(fc) = (Tt (k),..., 'k m (fc)) £ (Z> 0 ) m as 

uk) = l n> if!6/; 

I 0 otherwise. 

and set |fc| := 

For 1 < i < m, let u, £ H^(X^) denote the Poincare dual of the T-invariant divisor 
{zi = 0 }/K C Xy,. The T-equivariant cohomology ring of Xy is generated by u \,..., u m 
over C and has the following presentation: 

Ht(Xy) = C[rti,..., u m }/3 sr 


3 Recall the convention on the T-action on // u (A>j. O) at the beginning of '|2.3[ 
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where Jsr is the ideal generated by n^r such that the cone <7/ does not belong to E. An 
element x G Hf( pt, Z) = N* can be expressed as a linear combination of uf s: 


(3-2) X = • bi)ui. 

i =1 

For each k G N D |E|, define 4> k := Y\7 =i u T^ e Hf(X s ). The following lemma is obvious 
from the above presentation of 77f (Ar). 

Lemma 3.2. The set {f k : k G N n |E|} is a basis of H^(X S ) over C. 

We have that Hf(Xs, Z) is a free Z-module with basis u\,, u m . In particular the equi- 
variant homology Hf (As, Z) is identified with Z m via the dual basis of u\,. .. , u m . More¬ 
over the fan sequence ( |3.1| ) is identified with: 

0 -> H 2 (Xy, Z) = L -> Hf( AA,Z) = Z m -» Hf( pt,Z) -> 0. 

For a cone 07 G E, we set Cj = {d G H 2 (X s , M) : d ■ Ui > 0 for i f I}. Then the cone of 
effective curves is generated by Cj with oy G E and we have: 

(3.3) Eff(AA) = Ln ^ C 'i- 

07 SD 


Let k G N fl | E | be a semi-negative cocharacter of T and let E k be the associated A" s -bundle 
as in (|Z2|). 


Lemma 3.3. The minimal section class a mm ( A:) ofE k is identified with the element — d /(k) G 
Z"' = Hf (As, Z) under the natural inclusion Hf c ( E k ) r -G Iff (AA) described in the para¬ 
graph after Proposition 


Proof. Let a/ G E be a cone containing k and write /c = 'f2 ieI n i b i . The minimal section 
o min (k) of E k is associated to a point in the toric subvariety f] ieI {zi = 0} whose normal 
bundle has C x weights The class Ui G Hf(X y) corresponds, via the natural map 

E k —> (Xy)t, to the toric divisor Vi = {zi = 0} x C x (C 2 \ {0}) in E k . It suffices to compute 
the intersection number of cr min (k) and V,. It is easy to see that V, ■ a mu (k) equals —n t if 
i G / and zero otherwise. The conclusion follows. □ 


The above lemma and Lemma [275| imply: 

Corollary 3.4. The class d(k,l) G H 2 (X s , Z) in Proposition [2Aj is given by d(k,l) = T(A;) + 
(Z) — ft(k + l) under the inclusion H^Xy, 1 ^) < -G Hf( A"s,Z) A Z m . In particular d(k,l) G 
Eff(A s )Z>yQ. 

Corollary 3.5. We have E> k M = n«s k ,w* ,< ‘ ) . 


Proof. By Corollary |3.4| . d\k. 1) = 0 whenever A; and / belong to the same cone. The conclu¬ 
sion follows by the property § k {r) o S;(r) = Q d ( fc ’b§ fc+/ ( r )_ □ 
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3.2. Mirror map. We introduce an infinite set y = {jjk : k G N D |S|} of variables which 
forms a natural co-ordinate system of the B-model. We set y t := for 1 < i < m and 
G (N fl |E|) \ {6 i,..., b m }. By abuse of notation, we write M\ y] for the space of formal 
power series in the variables {log r/i,..., log y m } U {yk : k G G} with coefficients in M (see 
§2.1|). We consider the lattice of infinite rank: 



By the inclusion {bi,..., b m } C N fl |£|, we can regard L as a sublattice of L and we have 


L/L = Z ffiG . We define a splitting L —» L = H 2 (X s , Z), 1d(£) by 

Ui ■ d(£) — ^ 4 

fceNn|s| 

Note that we have the linear relation Y2iLi ( u *' d(£))bi = 0 . We set 

L cff := {£ G L : d(f) G Eff(X s ), 4 > 0 (Vfc G G)} 

= Eff(X s ) x (Z> O ) 0G 

where in the second line we used the splitting L = L © Z 0G . We set, for l G ^®( Nn l s l), 



Note that every neighbourhood of 0 in C[Q] [y] contains all but finite elements of {y e Q d ^ : 
£ G L eff }, thus a power series of the form ff a ey e Q d< ' e ' ) is well-defined. We introduce 
mirror maps as an integral submanifold of the commuting vector fields {V/,. : k G N fl |E|} 
from Definition j2?7[ 

Proposition 3.6. There exist unique functions 


T(y) 6 fff(Jf E )[g][y], T(y ,z) e ffJ(W)[Q][y) 


of the form 


m 


r( y) = ^u,log R + V Tc y l QW 


(3.4) 


feL e fr\{o} 


T(y,z) = l + ^ T f (z)yV <fl 


teL e ff\{o} 

with Tn G T e(z) G H~(X^) such that we have 



for all k G N fl |E|. We call the function y (->■ r(y) the mirror map. 
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Proof. The existence and uniqueness of r(y), T(y, z) along the locus {y k = 0, \/k G G} is 
proved in [ |38| , Proposition 4.7]. Since the vector fields V fc commute each other, we have a 
unique solution (r(y), T(y, z)) to ([33]) which takes the form ( [3T4] ) along {y k = 0, Vk G G} 
(see Theorem |A.2| ). It suffices to show that r(y), T(y, z) are expanded as in ( ]3T4] j. Write 
r(y) = YliLi u i l°g Vi + T'(y). By using the divisor equation [[38[ Remark 3.12], we find that 


§fcMy);< 2 ) = y * W §k(r'{y)-,Qy) 


where y ^= Y\™L\ Vi 1 and Sfc(cr; Qy) is obtained from § fe (cr; Q) by replacing Q d with 
Q d V\ l d • • • Vm' d ■ The differential equation for r reads: 

y n^ = St(Ay Q ) 
oyk 

Notice that e k — d'(fc) belongs to L e fr and d(e k — d/(&)) = 0, where e k G Z®l Nn l s H denotes 
the standard basis vector whose Zth component is S k j. This shows, by induction on powers of 
the variables {y k : k G G). that r(y) has an expansion of the form ( [3.4p . A similar argument 
shows that T (y, z) also has an expansion of the form (p~4|). □ 

Remark 3.7. By the definition of L, r(y) and T(y, z) satisfy the following equations: 

dr( y) 


y k®y k 

fcgNn|E| 


y k ® y k 


dy k 

d?(y,z) 

dyk 


y bi®uj 


2—1 


= 0 


inN ® z Hf(Xx), 

inN 


fee Nn|E| 

Contracting the first equation with x G N* ® C = H'j (j)t) and using ( |3.2| ). we obtain 

E ix ■ k )Vk= y (X ■ k)y k S k {r( y)) = x- 

fceNn|E| y k fcgNn|E| 

This is a generalization of the linear relation for Batyrev elements p5|j. 

Lemma 3.8. The classical limit 0 -A 0 of the shift operator S k (r) is given by 


m ^i(k)—l 

lim S k {r)f{u) = e (T(u-nkM-T(u))/zY[ JJ 

i= 1 c=0 


cz 


where f(u), t = r(u) G are equivariant cohomology classes expressed as polyno¬ 

mials in Mi,..., u m and u — d/( k)z = {u\ — d>i (k)z,. .. ,u m — d> m (k)z ). In particular we 
have liniQ^o S k {r) = f k exp(- Y.1U ^i(k)^y)- 

Proof This is proved when k = bi in [j38], Lemma 4.5]. Note that we considered a redundant 
(C x ("'-action on Xv in [ |38j ] and there is some difference in notation. The conclusion follows 
from Corollary [33] and the case where k = bi. □ 
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We consider the co-ordinates t = {t k : k G N D |E|} on the equivariant cohomology 
Hj {Xy. ) given by 

(3.6) 11 y t — t k cj) k G H^{Xy.) 

fceNn|s| 

where {f k } is the basis in Lemma [3.2[ We define the formal neighbourhood of the origin of 
Ht(Xz)IQ] to be Spf(C[Q][t]). The mirror map identifies Spf(C[Q][t]) with the formal 
neighbourhood Spf(C[Q] [y]) of the base point y* in the y-parameter space. 

(3.7) y* ;= {yi = ■ ■ ■ = y m = 1, Vk = 0 (Vfc G G)}. 

Lemma 3.9. The mirror map y hg r(y) in Proposition defines an isomorphism between 
Spf(C[Q][y]) and Spf(C[Q][t]). 


Proof. Expand the mirror map as r(y) = ^ fcgNn | S | t k (y)f k . One can check using the ex¬ 
pansion ([L4|) that lim| fc |_ ! . 00 4(y) = 0 in the topology of C[Q][y] (see ([P]). We also 
have 4 (y)| y=y » Q =cl = 0. Therefore the map y (->■ r(y) defines a well-defined morphism 
Spf C[Q][y] —>■ Spf C[Q][t] of formal schemes. By Lemma |T 8 |. we have 


(3.8) 


(My) 


dyk 


= lim S k { 0 ) = f k 


y=y*,Q=o 


Q —^0 


for k G N ft I£I 


The conclusion follows by the formal inverse function theorem (Theorem |A.1[). 


□ 


Remark 3.10. The formal neighbourhood Spf C[Q] [t] of the origin in //f (AV : ) [0| is an 
infinite dimensional non-Noetherian and non-adic formal scheme. All formal schemes in 
this paper are the formal spectra of admissible rings (in the sense of [31), Chapter 1, §10]), 
and thus these spaces make sense in Grothendieck’s theory. See [44], |59] for more recent 
approaches to non-Noetherian formal schemes. 


Lemma 3.11. The cohomology classes Tt : , Tf z) appearing in equation C [3.4[ ) are homoge¬ 
neous. We have deg t £ = 2(1 - ^ feeNn |E| 4) and deg T t (z) = -2 ]Cfc GNn |s| 4- 


Proof. Note that the lemma implies the homogeneity of r(y) and T (y. z) with respect to 
the degree deg y k = 2 of variables (except for the leading term \ u i l°g Vi °f T(y)). We 
start with the homogeneity of S fe (r). Let 71 , 7.5 be classes in H^{XX). We claim that 
for r = YZ =1 Ui log y r + fYj -1 x j r Yj> S/c(t) is a homogeneous endomorphism of degree 0 if 
we define the degree of Xj to be 2 — deg and the degree of y, to be 2. Using the divisor 
equation [ |3%1 , Remark 3.12], we can write (S fc (r)a, /3) as the sum of the following terms: 


Tjll ■ ■ ■ ) Tjnl too*f) 


Ek,T 

0,)i+2,d+(T m i n 


Q° 


n\ 


Xji ■ ■ ■ x 


Jn 


n> 


u i -d-'l!i(k) 


i =1 


with d G Eff(X s ), 1 < ji ,..., j n < s and n > 0. By the virtual dimension formula of the 
moduli space of stable maps, the degree of this term is deg a + deg /3 — 2 dim AV : , where we 
used cfEf) ■ cr rmn = 2 — \k\. Therefore the claim follows. The lemma follows from this 
claim and the recursive construction of re, T/ (;:j in |38| , Proposition 4.6] and in Proposition 


3.6 


□ 
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Define the Euler vector field on the y-space and on the t-space (i.e. Hf(X^)) by the 
formula: 


(3.9) 


A = 


E 

fceNn|E| 


Vk 


d 

dy k ’ 


d 


£ * = E^r 


1=1 


E 

A:GNn|E| 


1 , d 

- deg <pk t k —. 




dt k 


Note that | deg (f) k = \k\ : = Let Gr cu H ?( x z) ->• ifi(X E ) be the grading 

operator defined by Gr 0 (a) = pa for a £ Note that Gr 0 (^o:) = za + z Gr 0 (a). 

Lemma |3. I 1 1 together with its proof implies the following: 


Lemma 3.12. The mirror map r(y) presents the Euler vector field: r*£ y = E t . Moreover, 
we have 

[St + Gr 0 , Sfc(r)] = 0, [£ y + Gr 0 )T(y, z) = 0. 

In particular we have [£ y + Gr 0 , Sfe(r(y))] = 0. 


Remark 3.13. The relation r*£ y = £ t implies the following equality: 

(3.10) d kSk ^ = 5Z = c i( x x)+ ( x - \k\)t k </> k . 

fceNn|E| fceNn|E| fceNn|E| 

Since {Sk(r) : k £ N D |E|} forms a C[Q][t]-basis of //f (X E )[Q][t], the inverse mirror 
map yk( t) is obtained as the expansion coefficients of the right-hand side in {S'fc(r)}. 

Remark 3.14 (divisor equation). Let Qi-^- be the differential operator in the Novikov vari¬ 
able such that (Qi-^-)Q d = (tq ■ d)Q d . By (J3T4|), r(y) and T(y, z) satisfy the following 
analogue of the divisor equation: 

<5i^-^( y ) = DjT(y) - Ui, Qi-^-T(y,z) = D. t T(y,^), 

where we set D, = ^ fcgNn | S | The divisor equation for §/,(r) can be written in 

the following form: 

Q ‘ik St(T) = H + ' hm ) ak(T) ’ 

QijfrM-rW) = (D, + *i(fc))S t (T(y)). 
oQi 

Remark 3.15. In this paper, we do not consider the degree of the Novikov variable; it is sim¬ 
ply set to be zero. Some people introduce the degree deg Q d = c\ (A s ) • d, which corresponds 
to the part lih °f l * lc Euler vector field £ t via the divisor equation. 

°i 

3.3. Gauss-Manin system. Regarding Eff(A s ) c H 2 (X, Z) = Las a subset of Z m , we 
consider the semigroup 

M = Eff(A s ) + (Z> 0 ) m . 

Lor a ring R, we introduce a certain completion f?{M} of the semigroup ring 1! [M]. We 
write Wi for the element of R\M] corresponding to the / th basis vector e, £ (Z> 0 ) rn and write 
Q d for the element of f?[M] corresponding to d £ Eff(X E ). The uncompleted Novikov ring 
R[Q\ := /?|Eff (AE)j is naturally contained in R [M]. Consider the ideal of 7?[M] generated 
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by Q d with d £ Eff (Xu) \ {0} and write f?{M} for the completion with respect to this ideal. 
Then J?{M} is an f?[Q]-algebra. 

The mirror Landau-Ginzburg model is defined on the space Spf(C{M}). We introduce a 
convenient co-ordinate system (x, Q ) on it. We consider the semigroup ring C[N fl |E|] of 
N fl |E| and denote by x k £ C[N fl |E|] for the element corresponding to k £ N fl |E|. 
Choose a maximal cone oy 0 of E. Since {b t : i £ J 0 } is a Z-basis of N, we can define a 
splitting q: N —>■ Z m of the fan sequence < p.IQ by sending bi £ N with i £ J 0 to e* £ Z m . 
This splitting defines an embedding C[M] C[Q] <S> C[N fl |E|] of C[Q] -algebras by the 
assignment: 

Wj = Q' 1 

Note that ej — s(bj) £ Z m lies in Eff(X s ) (see ( |3,3| )). This exhibits C{M} as a subalgebra 
of C[N fl |E|][Q|. For k £ N fl |E|, we write 

m 

:= Y[ w f m = Q^x k 

i—1 

where j3(k) := 'E(fc) - q(k) £ Eff(X s ). Then we have C{M} = (® fceNn | S | Cru^ (fc) )[Q], 
i.e. : k £ N fl |E|} is a topological C[Q]-basis of C{M}. We define the universal 

Landau-Ginzburg potential by 

F(x; y) := ^ y k w* (k) = y k Q m x k . 

fceNn|s| feeNn|S| 

This parameterizes all elements of C{M} and belongs to C{M}[y], We also consider the 
equivariant version: 

F\(x; y) = F(x;y) - A ■ log x 

where A £ N ® C = Lie(T) is an equivariant parameter and logx is regarded as a point in 
N* <g>C. Choosing an auxiliary basis of N, we write x = (xi , ,xn) and A = (Ai,..., Ad) 
so that A ■ log x = Y2f=i l°g x % where D = rank N. 


Definition 3.16. Set u = — ■ ■ ■ and x % = t(x i7 r-)uj. The (logarithmic) Gauss-Manin 

X D ' OX i ' 

system GM(F A ) of F A (x; y) is defined to be the cokemel of the map 

D 

zd + dFx A: (J)Cp]{M}[y][A]a; i ->• C[z]{M}[y][A]cu. 

2—1 

where d is the derivation with respect to the x-variables which is linear over the ground 
ring Cp]|Q][y][A] and defined on generators by dw*^ = Y^i=ikiQ^ xk dxi/xi = 
Ya =i kiW* (k) dxi/xi. The grading operator on the Gauss-Manin system is given by: 


Gr 


„ d 
Sy + z Tz 


D 


+ A* 


d_ 

d \? 


where S y is the Euler vector field in (jTT>[). 


Remark 3.17. The term A • log x in F\ (x; y) depends on the choice of a splitting c: N —* Z m , 
but the Gauss-Manin system GM(F A ) itself does not. 
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Remark 3.18. Each element f(z,x,y)co G GM (F\) associates the following oscillatory 
integral: 

J e F ^ x ’ y)/z f(z,x,y)u. 

The image of zd + dF\ A corresponds to exact oscillatory forms. The cohomology with 
respect to the twisted de Rham differential zd + dF\ A has been used in singularity theory 
SB and also in the context of the GKZ system [0B0-S- 

The image of zd + dF\ A is topologically generated by 

(3.11) (zd + dF\/\)w^^Ui = | zliW*^ + ^ — XiW^^ J u 

\ fceNn|E| J 

as a C[z][Q][y] [A]-module where h, U denote the i\h components of k, l G N D |£| (with 
respect to the auxiliary basis of N). This gives a relation in GM(Fa) and can be thought of 
as defining the action of A*. Therefore, we have: 

GM(F x )=C[z\{M}{ y p. 


Proposition 3.19. There exists a unique connection V_s_ : GM(F A ) —> z 1 GM (Ffi) in the 

9 Vk 

y-direction which satisfies 


V a (fs) 


df_ 

dyk 


s + fV e s , 

9 Vk 


V_a_, V d 

9 Vk 9 Vl - 


0, 


V_a_, Gr = V^_ 

9 Vk J d Vk 


dVk dy k 

for f G C[z][<5][y][A], s G GM(Fa), k,l G Nfl|£|. We call V the Gauss-Manin connection. 

Proof. Since {w : k G N D |£|} is a topological C[z][Q][y][A]-basis of C[z]{M}[y][A], 
we have a unique connection V_a_ on C[z]{M}[y][A]o; satisfying the above properties. It 

9 Vk _ 

suffices to check that cV_§_ preserves the image of (zd + dF\ A). Using Corollary |T4|, we 

9 Vk 

find that 

.zV^_ \(zd + dF x A)w q ’^cu i \ = Q d[ - k ’ l \zd + dF A A)w* (fc+, W 

9 Vk 1 J 

The conclusion follows. □ 


We can introduce shift operators for the Gauss-Manin system. 

Proposition 3.20. Consider the operator : GM (Fa) —» GM(F A ) with k G N D |£| 
given by multiplication by on C[z]{M} [y]u; = GM(F A ). This satisfies the following 
properties: 

o = w*® o w *W = Q<k,i) w 9(k+i) 

w nk) o f(Q, y, A) = f(Q, y, A - kz ) o 

o o w * {k) , w Mk) o Gr = Gr 

dyk 9 Vk 








18 


HIROSHI IRITANI 


where k, l G N D |E| and f(Q, y, A) G C[Q][y][A]. 

Proof. The first equation follows from Corollary p.4| . The second equation follows from the 
relation ( P.l ID defining the action of A,;. The third and the fourth are obvious. □ 


We now state our main result. Recall that t = {t k : k G N (T |E|} is a co-ordinate system 
on //f (AV ) given by ( |3, 6 | ) and the mirror map gives a formal invertible change of variables 
between y and t (Lemma |T9| ). 


Theorem 3.21. We identify the parameters y = { ijk} cind t = {t k } via the mirror map in 
Proposition |i. 6 [ Then we have a unique isomorphism 

8 : GM(f\) A fff(X E )[ 2 ][Q][t] 

o/C[z][Q] [y \-modules such that 

(1) 0(w) = T(y, z); 

(2) 0 intertwines with Sk{r(y)) for fcGNfl |£|; 

(3) 0 intertwines the Gauss-Manin connection with the quantum connection; 

(4) 0 intertwines the action of equivariantparameters i — 1 ,,D; 

(5) 0 presents the grading, i.e. 0 o Gr = ( S y + Gr 0 ) o 0, 

where T (y, z) is as in Proposition [j.6 | . 


Proof. Since {w*Wu> : k G N D |£|} gives a topological C[z] [Q][y]-basis of 
GM(F a ), we can define a C[z][Q][y]-module homomorphism 0 by setting = 

Sfc(r(y))T(y, z). By Lemma [375] and the form l [L4| ) of r(y), we find that 


m 1 

S fc (r(y))T(y ,^)| y=y%Q=0 = JJ ( Ui - cz) = f k + 0{z) 

i= 1 c=0 

where y* is given in (j3T[). Thus 0 is an isomorphism. This preserves the grading since we 
have Gr^'^o;) = 0 and (£ y + Gr 0 )§fc(r(y))T(y, z) = 0 by Lemma |JTl2| . Proposition 
|2.4| (3) and Proposition [3.20| show that 0 intertwines w' v<k> with § fe (r(y)). The differential 
equation ( ]33| ) for T gives: 

9 T(y,*) +C 1 ^* T(y) T(y,z) = ^ _ 1 S fc (r(y))T(y, z) 


dyk 


dyk 


where we used = S k (r(y)). This implies that 


0(u;) = 0 

where QC stands for quantum connection and GM stands for Gauss-Manin. Since V QC 
commutes with § fc (r(y)), 0 intertwines S fe (r(y)) with w^^ k \ and commutes with 

V GM , it follows that we can replace u> with w' v ^uj in this formula. Part (3) follows. In view 
of the relation ( p.l ip , part (4) is equivalent to the relation: 

AiS ; (r(y))T(y,^) = 2 Zi§i(r(y))T(y, z) + ^ k iVk§k(r(y))§ i(t( y))T(y, z). 

fceNn|s| 
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It suffices to show the equality for 
that this is equivalent to: 


0. Using the differential equation ( |33| ) again, we find 


A*T(y,z) = ^ zkiy k 

fceNn|E| 


5T(y ,z) , X- , dr(y) 


dyk 


+ k ' 
fcGNn|S| 


Vk- 


dyu 


* T(y, z). 


This follows from Remark 3.7 


□ 


We define the Jacobi ring of F\ to be 

J{F X ) C{M}|y][A]/ [x\d xl F x (x] y),..., XDd XD F x (x\ y)) = C{M}[y], 

The following corollary gives a combinatorial description of the big equivariant quantum 
cohomology as an abstract ring. 

Corollary 3.22. We have a C[Q] [y] [A] -algebra isomorphism J(F\) = C{M}[y] —> 
(i7y(X s )[(5][t],* r ) that sends = d Vk Ffx; y) to for k G Nfl |E|. 

Proof. Note that we have GM(F A )/z GM(F A ) = J(F X ) ■ co. Since 0 intertwines the Gauss- 
Manin connection with the quantum connection, it induces an isomorphism J{F X ) • co = 
[Q]| [t] intertwining the action of v: q ' lk ^ with the quantum product t£N*> □ 


3.4. Primitive form. We define the primitive form £ G GM( F A ) as the inverse image of the 
identity class 1 


C:=0- 1 (1)= c k {z,y)w*™u> 


fcG ND|E| 

under the isomorphism 0 in Theorem [3.2 1| , where c k (z, y ) G C[z] [O] |y||. Since 0 inter¬ 
twines the Gauss-Manin connection with the quantum connection, we obtain: 


Proposition 3.23. When we identify the parameters y and t via the mirror map, the primitive 
form satisfies the differential equation: 


zV a V a C 

dt k at t 


jGNn|S| 


where (fft) G C[Q] [t] are the structure constants of the equivariant quantum product, 
i.e. (j>k -k T fii 22j 

We give an alternative description for the mirror isomorphism 0 and the primitive form. 
Introduce an infinite set y + = {y k , n '■ k G N D |E|,n = 1,2,3,...} of parameters and 
consider the formal deformation of co: 


(3.12) 


cu(y + ) = exp 


OO 


: n Z n -VW 


CO. 


X- 2^ yk ’ r 

fceNn|s| n=l 

In view of the oscillatory integral in Remark |3.18| , this formal deformation corresponds to 
adding to the potential F x the ^-dependent term ff n>l yk )n z n w^^ k \ The original param¬ 
eters y = {y k } correspond to {y k ,o} i n this sense. Note that the primitive form £ can be 
written in this form ( |3.12| ) since c k (z, y)| y=y * q=o = <5/c,o- We will work with formal power 
series in all these variables (log 2 / 1; ..., logy m }\J{y k : k G G}U{y k) n '■ k G Nfl|E|,n > 1}. 


The following theorem follows easily from Proposition [T6] and Theorem |3.21 
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Theorem 3.24. The image T(y, y + , z) = @(oj(y + )) is characterized by the following differ¬ 
ential equation: 

(3.13) i)T ' y ' y — = [z n ~ 1 S fc (r(y))] + T(y,y + ,z) n = 0,1,2,... 

uyk,n 

where we set y kfi := y k , [^ n_ 1 S fc (r(y))]+T := 2 ; n_ 1 § fc (r(y))T - <5 n) 0 £ _ 1 <Sfc(T(y)) * r ( y ) T, 
together with the expansion 

(3.14) T(y,y+,z) = 1 + D T« + (;)y%+)'V (W+) 

(i,£+) 


with T ej+(z) G H~(X%), where the sum is taken over (£, £ + ) G ^®( Nn l s l) x ;g®(( Nn l s l) xN ) 
such that 

• EfcgNn|£|(^ + Era=l^fc,n)^ = O' 

• Ik > 0 for all k e G, £ kn > 0 for all ( k,n ) 6 (Nfl |E|) x N, and; 

• d{e,£+)e Eff(X s ) 

where N = {1, 2, 3,... } is the set of natural numbers and d(£, (i + ) G H 2 (X^ 1 Z) is deter¬ 
mined by m ■ d(£, £ + ) = Ejfc GN n|s|(4 + E^=i 4,n)^i( fc )- 

We consider the formal neighbourhood of (0,1) in x H~(Xy)\Q\. This is 

defined similarly to the formal neighbourhood of 0 in Hf(X^) [Q| (see the discussion around 
(j3T6|)) by choosing a C-linear basis of Hf{Xy) x H~( 3f s ). 

Lemma 3.25. The map (y, uj(y + )) (->■ (r(y), T(y, y + , z)) defines an isomorphism between 
the formal neighbourhood Spf (C[Q] |y. y + ]) ofu in the Gauss-Manin system and the formal 
neighbourhood of (0,1) in Hf{X^f)\Q\ x H~,(Xy)\Q\. 


Proof The map (y,o;(y + )) t-G (r(y), T(y, y + , z)) defines a morphism of formal schemes 
for a reason similar to the proof of Lemma |3.9| . By the formal inverse function theorem 
(Theorem |A.1| ), it suffices to check that the differential of the map at y = y*, y + = 0, 


Q = 0 is an isomorphism (see ( |T7| ) for y*). We checked that y t-G r(y) is an isomorphism 
in Lemma [T9|. By Lemma [3.8|, we have for n > 1 


(3.15) 


dT(y,y+,z) 


^Vk,r 


= Z 


y=y*,y+=o,Q=o 


m 1 

ii n' 

2—1 C=0 


Ui 


cz 


These form a C-linear basis of H~( AC), and the conclusion follows. □ 

Corollary 3.26. The primitive form ( is given by cu(y + ) with T(y, y + , z) = 1. 


Remark 3.27 (cf. Remark |3.13| ). Extending the argument in Lemma [3 .1 2| . we can easily show 
the homogeneity (£ y , y + +Gr 0 )T(y, y + - z) = 0 with respect to the extended Euler vector field 
£y,y+ = EfcgNn|£| E^o ( 1 - n )yk,n-Q. where we set y kfi = y k . From this we obtain 


l~n)y k , n [z 11 1 § fc (r(y))] + T(y,y + ,^) + Gr 0 T(y,y + ,^) = 0. 
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Suppose that y + is chosen so that Y(y, y + , z) — 1 and cc(y + ) is the primitive form. Then 
one obtains by ( [3. 10D that 


OO 

E E( x “ n )yk, n z n ^k(r( y))l = c[(X s ) + E ( x _ \ k \ 

fcGNn|S| n=0 fcGNn|£| 


This determines yk, n with n ^ 1 as the expansion coefficients of the right-hand side, as 
z n E>k(r) 1 form a basis of H~( 3f s ). 


Remark 3.28. In this paper, we do not study the higher residue pairing Q53| ] for the Gauss- 
Manin system. It would be interesting to define such a structure in our setting. Since is not 
necessarily compact, the higher residue pairing should take values in C( Ai,..., A «)[-] IQIM 
in general and coincide with the Poincare pairing on quantum cohomology. See e.g. [ j37j . 
Appendix A.3] for the comparison of (non-equivariant) pairings for compact weak-Fano toric 
orbifolds. 


4. Non-equivariant mirrors 


4.1. Non-equivariant mirror isomorphism. We obtain a non-equivariant mirror isomor¬ 
phism by taking the non-equivariant limit A —> 0 of Theorem |3.2 1| . The non-equivariant 
Gauss-Manin system GM(F) is defined to be the cokemel of the map: 

D 

zd + d.FA : (J) C[x:]{M}[y]a;j -A C[z]{M}[y]u; 


2=1 


which is just GM (F\)/ Ylf=i A* GM (F\). The mirror isomorphism 0 in Theorem p.21 
duces an isomorphism 

(4.1) ©noneq: GM(-F) ^ H* (X E ) [z] [Q] [t] . 

In the non-equivariant limit, we can extend the flat connection in the ^-direction using the 
homogeneity. For the non-equivariant Gauss-Manin system GM(F), we define: 

:= Gr " V G- 

Explicitly this is given by 

X z a(f(x,z,y)uj) = ( z 


m- 


df(x,z, y) 


dz 


-z F(x-,y)f(x,z,y))u 


for f(x,z, y) e C[z]{M}[y]. For the non-equivariant quantum cohomology module 
H* (X E ) [z] IQ] [t], we define: 

:= (Gr 0 +£ t ) - Vf t 

dz 

which is given explicitly as: 

X z a_f(z,t) = Gr 0 (/ (z, t)) - i (ci(X s ) + a - Gr 0 (a)) f(z, t) 

dz z 

for f(z , t) e H*(Xs)[z] [Q] [t], where a is the non-equivariant limit of r = ]CfceNn|s| 
and ~k a denotes the non-equivariant quantum product. Note that Gr 0 contains the derivation 
z-jfe. These operators V 2 _a_ have a pole of order one along z = 0. By Theorem |3.21| , it is 
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clear that the isomorphism 0 nO neq intertwines the quantum connection and the Gauss-Manin 
connection including in the z-dircction. 

We further restrict the base space to the non-equivariant cohomology H*(X%). Let 
T 0 ,..., T n denote a homogeneous basis of H*(X^) and let s 0 ,..., be the co-ordinates on 
H*(Xx) dual to T 0 ,..., T N . We denote by cr = J2iLo s ^ a g enera l point on H*(Xy,). We 
choose a formal section s: H*(X^){Q] —> H^(Xy,){Q] of the natural map Hf(Xs)lQ] —> 
H*(Xx)lQ] of the form: 

s(cr) = ^2 s k(cr)(p k with s k (a) G C[Q][s 0 ,..., s N j 

fce Nn|E| 

such that s fc (0 )|q =0 = 0, lim| fe |_ MO * fc (o-) = 0 (in the adic topology of C[Q][s 0 , • • • ,sjv]) 
and that the non-equivariant limit of s(cr) equals a. The section s is a morphism 
Spf C[Q][s 0 ,..., s N ] —> Spf C[Q]|t] of formal schemes. By pulling back F by s, we 
obtain a Landau-Ginzburg potential 

(s*F)(x;o) = 2 /fc(s(a))u^ (fc) 

fceNn|S| 

parameterized by a G H*(X%), where y k = Vk( T ) denotes the inverse mirror map. Define 
the Gauss-Manin system GM(s*F) of s*F to be the cokernel of the map 

D 

zd + d(s*F) A: C[z]{M}[so, • • •, Siv]^ —>• C[z]{M}[so,..., sjv]^- 

2—1 

Lemma 4.1. The map 0 none q in ( |4. I| ) induces an isomorphism: 

S*@noneq : GM(s*F) —> H* (X S ) [z] [Q] [s 0 j ■ ■ ■ j s iv] • 

Proof. This is slightly subtle as the completed tensor product is not right exact in general. For 
any module M, we write M[.s] = M[s 0 ,..., sn] for simplicity. The section s defines a con¬ 
tinuous homomorphism s*: C[z][g][y] —> C[z][Q][s] by y k (->■ y k (s(o)); this is surjective 
as s is a section. We have the commutative diagram: 

©?-i<WM}[y] Wj ^4 C[z]{M}[y]w iJ*(Jf E )[z][Q][y] -» 0 


©f-.cWIMiw^, CHIMIN 4?=. ff-(W)WMW —> o 

where the top row is exact and the vertical arrows (induced by 5 ) are all surjective. We 
need to show that the bottom row is exact. The surjectivity of s*0 noneq is obvious. Let 
ip G C[z]{M}[s]a; be in the kernel of s*0 non eq- Choose a lift (p G C[^]{M}[y]o; of p such 
that s*p = <p. Then 5*(0 noneq (( i 3)) = 0. When we write 0 nO neq(^) = Eio fi( z iQx)Ti 
with fi G C[z] !Q]|y], this means s*fi = 0 for all 0 < i < N. Choosing a preimage 
Ti G C[^]{M}[y]cc of Ti under @ noneq , we have that (p — YliLo .A( z j Qi y)7j is in the kernel 
of ©noneq and this maps to <p under s*. Now a diagram chasing shows >p is in the image of 
zd + d(s*F) A. □ 











A MIRROR CONSTRUCTION FOR TORIC QUANTUM COHOMOLOGY 


23 


The pulled-back quantum connection s*V on i7*(A s ) [z] [Q] [s 0 ,..., sjv| is given by: 



where Gr 0 : H*(X^)[z] —> H*(X^)[z] is the linear operator given by Gr (az n ) — (n + p)a 
for a G II' 2p (X T ) and is the non-equivariant quantum product. This is the usual quantum 
connection in non-equivariant theory. Thus we obtain: 

Theorem 4.2. For any formal section s: II*(Xy)\()\ —> //f (A">-) [0|, the non-equivariant 
mirror isomorphism s*@ noneq intertwines the quantum connection and the Gauss-Manin con¬ 
nection including in the z-direction. 

Define the Jacobi ring of s*F to be 

J(s*F) = C{M}[s 0 , • • • ,sjv]/ {xid Xl (s* F)(x] cr),.. ., x D d XD (s*F)(x] a)). 

Exactly in the same way as we deduced Corollary [3.22| from Theorem [3.21| , we deduce the 
following corollary from Theorem |4.2[ : 

Corollary 4.3. We have a C[Q][so, • • •, s^J-algebra isomorphism J(s*F) 
(i7*(X E )|Q][s 0 , • • •, s N ], * CT ) that sends d Si (s*F ) to T t . 

We remark a relationship between s*F and a universal unfolding of the original potential 
F(x; y*) (see ( |T7| ) for y*). We say that G(x; r ) G C{M}[r 0 ,..., rjv] is a universal unfolding 
of F(x; y*) if 

• G(x;0) = F(x; y*) and 

• d ro G(x;r)\ r=0 ,... ,d TN G(x;r) | r=0 form a C[Q]-basis of the Jacobi ring 
J(F(x- y*)) = C{M }/( Xi d Xi F(x; y*),i — 1,..., D). 

For example, if {(ftf x)}^ C C{M} is a C[Q]-basis of the Jacobi ring J(F(x; y*)), then 


N 


G(x; r) = F(x; y*) + ^ r iM x ) 


i =0 


gives a universal unfolding of F(x;y*). We can choose a section s so that the map 
SpfC[<3][s 0 , ■ ■ ■ ,s N j ->• Spf C[Q][y], a ^ y(s(a)) = {y fc (s(a))} fceNn | S | passes through 
the C[Q]-valued point y*, i.e. we have y(s(a*)) = y* for some a* G H*(Xjf){Qj with 
ct*|q =0 = 0. Then s*F| T gives a universal unfolding of F(x; y*) by Corollary 

Q| (in particular, the Jacobi ring J(F(x ; y*)) is a free C[Q]-module of rank dim if*(A s )). 
More generally, we have the following. 

Proposition 4.4. Let G(x; r ) G C{M}[r 0 ,..., r N ] be an element with G(x; 0) = F(x; y*). 
The following are equivalent: 

(1) G(x] r ) is a universal unfolding of F(x; y*); 

(2) there exist a formal section s: H* {X^)\Q\ —> //f (AA) |Q[ as above and a formal 
invertible change of variables Sj = Sj(r ) G C[Q][r 0 ,..., rjv] with Sj(0)|q=o = 0 
such that G(x] r ) = s* F \ a=j: N =oSj{r)Tj . 
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Proof. We write M[r\ = M[ro,..., r/v] for simplicity. Corollary |4J] shows that part (2) 
implies part (1). Conversely, suppose that a universal unfolding G(x ; r) is given. We 
can write G{x\r) = F(x;y(r)) for some formal morphism r i->- y(r), Spf(C[Q] [r]) -* 
Spf(C[Q][y]). Composing this with the mirror map r(y) and the non-equivariant limit, we 
obtain a map from Spf(C[Q][r]) to the formal neighbourhood of zero in H*(X^)[Qj. It 
suffices to show that this is an isomorphism. By the formal inverse function theorem, it suf¬ 
fices to show that the derivative at r = 0 is an isomorphism, i.e. the non-equivariant limits 
of 6>r ^, (r)) | r=0 , i — 0,..., N form a basis of H*(X^)lQ\ over C[Q], On the other hand, the 
non-equivariant limit of Corollary |3.22| gives an isomorphism of C[Q] [y]-algebras: 

j(F) = (//*(x s )[g][t],* T ) 

which sends [ d Vk F(x ; y)] to the non-equivariant limit of . This isomorphism restricted 

to the base point y* sends [ d n G(x ; r)| r=0 ] to the non-equivariant limit of | r=0 . The 

conclusion follows. □ 


Remark 4.5. Mirror symmetry for toric varieties has been studied by many people. As 
noted in the Introduction, Givental [ |24[ 22] and Hori-Vafa [ |33| | proposed Landau-Ginzburg 
mirrors for toric varieties. There are studies on non-compact case (local mirror symmetry) 
, Frobenius manifold [Q, [T7|. [T^. [5T[ ], semi-simplicity [jT5J. [4^], toric orbifolds 



mm. an approach using Lagrangian Floer theory 
, quantum Kirwan maps [^8j, |27j] and quasimap spaces |[[0j. |7j], etc. In 


tropical geometry 

non-semipositive case, we need to take a certain “Q-adic” completion of the Gauss-Manin 
system; this has been pointed out by the author |[36|]. [ [35j Theorem 1.2]. An isomorphism 
between a “completed” Jacobi ring and quantum cohomology was proved by Fukaya-Oh- 
Ohta-Ono [jjl| Theorem 1.9], [|20|. Theorem 1.2.34] using Lagrangian Floer theory and by 
Gonzalez-Woodward [27, Theorems 1.16, 4.23] using quantum Kirwan map. (There are 
differences on Novikov rings and the choice of completions among the literature.) In the 


analytic setting (in semipositive case), results analogous to Theorem [L2| are given, e.g. in 
[ |T7[ Proposition 4.8], [511 Theorem 4.11], [Jl^, Theorem 5.1.1], [ j45[ Theorem 7.43]. 


4.2. Reparametrization group. In the equivariant setting, the primitive form was given by 


an actual differential form (see §|35|). In the non-equivariant setting, however, there are many 
choices for cochain-level primitive forms. Consider the commutative diagram: 


GM(F A ) = C[z]{M}[y]cu Hf(X 1 


GM (F) 


e n 


41<211yl 




A primitive form can be chosen to be any element in C[^]{M}[y]cu which maps to 1 in the 
bottom right corner. We also have the freedom to choose a formal section s: H*(Xr) [Q] —* 


Ftf(Xz) [Q] as in o^j] to pull it back to the base II*(X-£) {()| ■ We show that all cochain-level 
primitive forms which are obtained in this way and coincide with ui at the origin a = Q = 0 
are related by reparametrizations of the ^-variables. 
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Definition 4.6 (reparametrization group). Consider a formal change of variables of the form: 


Xi (->• Xi — x^exp I €k } iW^^ I 1 < i < D, 

\fceNn|s| / 

where e = { e kA : A' e N fl |E|, 1 < ?' < I)} is a set of formal parameters. These transfor¬ 
mations form a (non-commutative) formal group Q over C[Q] by composition. As a formal 
scheme, Q is isomorphic to Spf(C[Q][e]). We also consider the jet group JQ of Q, which 
consists of formal transformations: 


Xi t-> Xi = Xi exp 


. fceNn|s| n=o 


OO 

Sr e k , i , n w*Wz n 


1 <i< D 


containing the parameter z. The group JQ is isomorphic to Spf(C[Q][e]) with e = {e kjijn '■ 
k G Nfl |E|, 1 < i < D, n — 0, 1, 2, ... }. Note that Q acts on the module C{M} and JQ acts 
on the module C[l] {M}. Let e e JQ denote the identity element. The generators [d/de k ,i, n ]e 
of the Lie algebra T e (JQ) correspond to the vector fields: 


W k ,i, n ■= z n w 


<T(fc) 


d 



satisfying the commutation relation [W k ^ n , W hjiP ] = Q d(kJ) ikW k+ ^ :j , n+v - kjW k+Ll , n+p ). 

The formal group JQ acts, by change of variables, on oscillatory ZTforms of the form: 


e F ^ y)/z uj(y + ) = exp 



OO 

E Y^vk^w^ 

fceNn|E| n=0 


CO 


where we set y kfi = y k . This defines the ./(/-action on Spf(C[Q] |y. y + |), and the generator 
W k .i.n corresponds to the following vector field: 


W, 


k,i,n 


:= k, 


d 


dy k , 


n+1 


+ E Y l -Q dm y‘j 


d 


zeNn|E| j= o 


dy k 


+l,n+j 


where the first term in the right-hand side comes from the Lie derivative of co = 


dx i 


dxp 

x D 


Lemma 4.7. Let r(y), T (y, y + , z) be the functions in Propositionand Theorem \ 3.24\ - We 
have 


W k ^ n r( y) 
W k ^ n T(y,y + ,z) 


\S k (r(y))5 nfi 

Ai[z n_1 § fc (T(y))] + T(y,y + , 2 :). 
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Proof. This is just a calculation. It is obvious that W k j tn r(y) = 0 for n > 0. For n — 0, 
using the differential equation fl3.5|), we have 

tr»,i,oT(y) = V = V liQ im) y,S kM (T( y)) 

ZGNn|E| zeNn|E| 

= hyiSk{j{y)) *r(y) ^(^(y)) by Proposition[2Al (3) 

ZGNn|£| 

= XiS k (r(y)) by Remark [3/7. 

On the other hand, using the differential equation Q3.13| ), we have 

OO 

^, n T = M%(r(;y))T+ ^ ^7 i g d ^i/ Zj [^- 1 § fc+i (r(y))] + T 

/GNn|E| 

oo 

= fciz"S fc (T(y))T + ^/ i i/ Zj ^ n+J_1 § fc (r(y))§ i (r(y))T 

Z<=Nn|E| j =o 

- <5 n>0 Uyiz -1 S k (r(y)) * T(y) 5' z (r(y)) * T(y) T by Proposition WA (3) 


ZGNfl|E| 


= z n S k (r( y)) 


kiT + ^ 


ZGNO|E| j= o 


dT 

dyij 


+ S jt0 z Si(r(y)) * T(y) T 


- <5 ni0 £ 1 A i S' fc (r(y)) * r(y) T by Remark [T7| 

= « n S fc (r(y))(^ + z-'Xi) T - 5 n , 0 A^ fc (r(y)) * T(y) T = A l [^- 1 § fc (r(y))] + T. 

where in the last line we used the equation EzGNn|s| Eplo ^Vu^yi ^ = 0> which follows 
from the expansion ( |3.14| ). □ 


Let R be a linearly topologized C[Q]-algebra. Let i? nilp denote the ideal of R consisting 
of topologically nilpotent elements, i.e. elements x G R such that lim n _>oo x n = 0. We 
assume that R is complete and Hausdorff and that, for any neighbourhood U of zero in R, 
there exists n e N such that (A ni i p ) n C U. An R -valued point on Spf(C[Q] [y, y + ]) is given 
by a collection {logyi,..., log y m } U {y k : k G G} U {y n>k : k e N fl |E|,n = 1,2,... } 
of elements of R. m \ P such that every neighbourhood U C R of 0 contains all but finitely 
many elements of this collection. An A-valued point on the formal group JQ is described 
similarly. For an A-valued point (y, y + ), we can make sense of r(y) G H^{Xy) ®<c R and 
T(y, y + , z) e Hf(Xs)[z] <g)c R where <g) denotes the completed tensor product. Consider 
the map 

(y,y + ) Hy),s(y,y + ,g) e H*(x^){Qj x h*(x e )[z]{q\ 

defined as the non-equivariant limit of (r(y), T(y, y + , z)). We will see that this map classi¬ 
fies the JQ- orbit on the space Spf(C[Q] [y, y + ]) of oscillatory forms. 

Theorem 4.8. Let R be as above, and let (yi,yi~), (y 2 ,y^) be two R-valued points of 
Spf C[Q] [y, y + |. Then the following are equivalent: 
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(1) there exists an R-valued point g G JQ(R) of JQ such that g ■ [e F ^ ;yi ^ z o;(y^)] = 

[ e ^(z;y *)/ z u(y+)\; 

(2) one has cr(yi) = cr(y 2 ) and 5(yi, yf, z ) = S(y 2 , yj, z). 


Proof. (1) =>- (2): Since the exponential map identifies the formal neighbourhood of the 
origin of T e (JQ ) with JQ, we can work at the Lie algebra level. Lemma [T7] implies that the 
generators W k)l , n of T e (JQ) act on cr(y), S(y,y + ,x) trivially. Thus o and S are constant 
along a JQ- orbit. 

(2) (1): It follows from (fL8j), (|3.15| ) that 

{Sn,oS k (r(y)), [^ n_1 Sfc(r(y))] + T(y, y+, z)) | y=y * y+=0 Q=0 


formaC-basisoffT£(A" s )xf/y(A" s )[s]. Define a C-basis {vi p : l G Nn|£|,p = 0,1,2,... } 
of^(A E ) xH*(Xx)[z\by 


{<t>u 

(0,^-VO 


P = 0; 

p > 0. 


Then we can write 


Vl ’P = ^2 c k,n,i,p{Sn,oSk(r(y)),[z n 1 ^ k (T(y))} + r(y,y + ,z)) 

fceNn|s| n= o 

for some (unique) coefficients c k , n ,i, P e C[Q][y, y + j^such that liniifci+^oo c k ^ i)P = 0. De¬ 
fine the vector fields £ JjP)i = EfegNn|s| E,!=o c k,n,i, P W k ^ n . Then Lemma [4/7] implies: 

%i, P ,i (r(y),T(y,y + ,z)) = A iV hp . 

When we assume (2), we can find G _R n ii P such that lim^+p^oo r^ P)i = 0 and 

OO D 

(r(y 2 ),T(y 2 ,y^,^)) - (r(yi),T(yi,y^,2:)) = ? TpA'' 1 Tp- 

ieNn|S| p= 0 i=l 

Such ri iP:i are not unique. They define an “f?-dependent” vector field Yhipi r hp,$-i,p,i on the 
formal scheme M.r := Spf(C[Q] [y, y + ]) x Spf ( C [Q])Spf(.R) = Spf(i2[y, y + ]) over R. Since 
ri tPti are topologically nilpotent, we can integrate this vector field to obtain an automorphism 
of A4r over R (see Theorem |A.2j ). By construction, this automorphism sends the /?-valued 
point (yi, y+) to (y 2 , yQ)- By integrating the corresponding Lie algebra element in the for¬ 
mal group (, JQ)r = JQ xs P fc[Q] Spf (R) over R, we obtain an element g G JQ(R) which 
sends e F ^ x ' ,yi ^ z u(yf) to e F ( l;y2 )/ 2 a;(y^). □ 


To obtain a primitive form in the non-equivariant setting, we need to choose a formal 
sections: H*(X^){Q} —» Hf(X^)lQj as in §;4T| and a formal function f: H*(X T ,){Q] —> 
H~(Xz)lQ] that is expanded as 


fO) = X] 5Zffc,n(0')^fc 

fceNn|s| n= o 

with f k ,n{cr) G C[Q][s 0 ,...,sjv] such that fjfe jri (0) |q = 0 = 8 k ,o8 n ,o, lim| fc | +n _ >00 f fc)n (c7) = 0 

in the topology of C[Q][s 0 , ... ,sjv] and that the image of f(cr) under the natural map 
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H~(Xy;)IQ] —> H*(Xy)[z\\Q\ is 1. By the isomorphism in Lemma p.25| , we obtain a 
Landau-Ginzburg potential s*F = F(x; y(cr)) and a primitive form £( s> p = cu(y + (cr)) such 
that 

5 (or) = r(y(cr)), f(c) = T(y(<r), y + ((x), z). 


The cohomology class [C(sf)] maps to 1 under the isomorphism s*0 n one q : GM (s*F) = 
H*(Xx)[Qj[s 0 ,...,s N l 


Corollary 4.9. Any oscillatory primitive forms exp (s*F/associated to various data 
( 5 , f) as above are related to each other by a co-ordinate change in the x-variables, i.e. they 
are contained in a single Jty(C[Q][so, • • •, sn})- orbit. 


5. Extended /-function 


In this section we relate the mirror map r(y), the function Y(y, z) (or Y(y, y + , z)) and 
the primitive form Q with certain hypergeometric series called the (extended) /-function. 
This gives us a concrete algorithm to calculate these quantities, although actual computations 
could be very complicated. 


Definition 5.1 ([[T2|]). Define a cohomology-valued hypergeometric series in the variables 
y = {yk : k £ N n |£|} as follows: 


/(y, z) = Z e^ Uilogyi/z y l Q m ( ft + C£) 

feL e fl 


v*=i ni-oo( u *+ cz )J n feeG 4!^ 


where we used the notation from § [Y2| . This belongs to //|(/f s ) loc [Q] [y] and is called the 
extended I-function. 


Recall from Remark |T8| that the image of the fundamental solution M(r, z) sweeps the 
Givental cone in Z/i(Xs)i oc - We show that the extended /-function is on the Givental cone 

@§. 

Proposition 5.2. Let r( y), T(y, denote the functions from Proposition p/6[ We have 

I(y,z) = zM(r{y),z)T(y,z). 


Proof This proposition was proved in [|38| , §4.3] along the locus {yk = 0 : k e G}. It suffices 
to show that both /(y, z) and zM(r(y). z) T(y, z) satisfy the same differential equation in y k 
for k G G. We claim that both functions satisfy: 


af(y,*) 

dyk 


= z s k {(y ,z) 


Since Vfc corresponds to the linear vector field f i-)- 2^ S k f on the Givental space Hf(X s )i oc 
(see Remark|2^, [|3^, §4.3]), the differential equation holds for f = zM(t( y), z)T(y, z). We 
show that the differential equation holds for f — I(y,z). Let x £ be a T-fixed point. Let 


I x (y, z) denote the restriction of /(y, z) to x. By Definition Ol we need to show that: 


z-S-I x (y,z) = A x {k)e kzdx I x (y,z) 
oy k 


(5.1) 
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with 


A x (k) = Q 




d fc ) 


n 


nL-oo(«i (*)+ cz ) 


U +«) 

where Ui(x) G H^{ pt) denotes the restriction of ?./, to x. Recall that cr min (/) G H^ c (E k ) 
corresponds to — ty(k) G Z m = i/J(As, Z) by Lemma [331 - A similar argument shows that 
the section class a x associated to the fixed point x corresponds to (-Ui(x) ■ Therefore 

the right-hand side of ( pTTj ) equals: 


Q' 5/ ( k )-'EiLi( u i( x Y k ) e i 


nL-ooM ^)+ cz ) 

L .l ikS'W)+<*) 


ze Efei («i (*) log Vi /z-(«i (s)■ fc) log Vi) 


x E ^ 

reL e ff 


“‘V [ j[ 


icS'W)+«) 


Ui(x)-k , / s \ / n 

c=-oo (Mi(x) + cz)/ if 


/.Mi 

IGG 


Note that we can write the extended /-function as a sum over f G L (by replacing /; ! with 
T(1 + l\')) since the summand corresponding to £ (f L e g- automatically vanishes. Shifting the 
index l as £ —* £ + Y%Li( u i( x ) ' &)e& i — e*. we find that this equals the left-hand side of 
0- □ 


We explain that the functions (r(y), Y(y, z)) are obtained from /(y, 2 ) via the Birkhoff 
factorization [i~i~4]]. Consider the C[z] |Q] [y]-linear map 

dl: ff«X E )[2][Q][y] -4 ff^H^MeHy] 


sending to 


9l{y,z) 

dyk 


for k G N fl |E|. Here we used the embedding Z/i( X%] 


loc 




Hj(Xy)((z 1 )) given by the Laurent expansion at z — 00 . We have 


dl(y,z) 

dyk 


= M(r(y),z) 


dT(y,z) dr(y) 

*--- + —- *r(y) T (y, 


dyk dy k 

= M(r(y), z)E>k(r(y))T(y, z). 


Let ST: H£(X s ) [z] [Q][y] f/£(A s ) [ 2 ] [Q] [y] denote the C[z] [Q] [y]-linear map sending 

4> k to Sfc(r(y))T(y, z) for each k G N (T |£|. Then we have: 

dl = M(r(y), z) o ST. 


This can be viewed as the Birkhoff factorization of dl when we regard z as a loop parameter; 
notice that M(t( y), z) belongs to Endc(//T(AV;))[z _1 ][<5][y] and that M(t( y), z = 00 ) = 
id. The Birkhoff factorization can be performed recursively in powers in Q and y, and this 
gives a concrete algorithm to compute M(r(y), z) and Y(y). The mirror map r(y) is then 
obtained from the expansion: 


(5.2) 


M(r( y), z) 1 = 1 + + 0 (2 !). 


Once we obtain r(y) and ST, we can calculate the inverse mirror map y = y(t) and the 
primitive form ( = (C/,-(-Nn|v c fc ( y, z)w <s '^uj by the requirement (see §[3T]) 


E c fc(y> z ) § fc( r (y)) T (y^) = L 

fcGNn|E| 
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Finally we extend Proposition |5]2] to the function T (y, y + , z) in Theorem |3 . 24| and describe 
an alternative method to calculate the primitive form. Let y + = {yk, n ■ k & N Pi |E|, n — 
1, 2, 3,... } be the variables in § [3~4] and consider 

OO 

Vk{z) = y k + '^ j y k , n z n . 

n =1 

We write y (z) = {y k {z) : k G N D |£|}. 


Proposition 5.3. Let T (y, y + , z) be as in Theorem \ 3.24\ We have 

I(y (z),z) = zM(r(y),z)T(y,y + ,z) 

where I (y(z), z) is obtained from the extended I-function I (y, z) by replacing y k with y k (z). 


Proof. It suffices to show that both sides satisfy the same differential equation: 

9f(y.y + ) 


dyt, r . 


= z 


n —1 


S fc f(y,y H 


In the proof of Proposition |572[ we showed that z 91 ^' 1 = S k I(y,z). Thus f = 
I(y(z),z) satisfies the above differential equation. The differential equation for f = 
zM(t( y), /~)T(y. y + , z) follows easily from Proposition ^4] (1) and Theorem [3.24] . □ 

Recall from §[L4] that the primitive form ( is given by cu(y + ) in ( |3.12| ) such that 


T(y, y + , z) = 1. Thus the asymptotics t [5~2| ) implies: 


Corollary 5.4. The primitive form Q is given by ce(y + ) for y + such that the asymptotics 
I(y(z),z) = z( 1 + 0(z~ 1 )) holds. Moreover, for such y + , the asymptotics I(y(z),z) = 
z + r(y) + (){z^ ] ) determines the mirror map r(y). 


Remark 5.5. Proposition ^3] implies that I iyiz), z) lies on the Givental cone. In fact, the 
family of vectors (y, y + ) n- I(y(z), z) covers the whole Givental cone and (y, y + ) may be 
viewed as a B-model co-ordinate system on the cone. 


Remark 5.6. When we identify the space Spf(C[Q][y, y + ]) with the Givental cone as in 
the above remark, we can interpret Theorem [O] as follows: the non-equivariant Givental 
cone is the orbit space of the equivariant Givental cone under the action of the group JQ of 
reparametrizations of the mirror. 


Remark 5.7. The formal geometry appearing in this paper is very similar to the treatment of 
the Givental cone as a formal scheme in [ ]TT| , Appendix B]. 


Remark 5.8. It should be possible to generalize the results in this paper to toric orbifolds 
(or toric Deligne-Mumford stacks). This is interesting since toric orbifolds correspond to 
arbitrary Laurent polynomials. See [ [T3| , |3~T| , [TGj . |T7| . |T3j . j7j, |6fj] for related works. 


Appendix A. Formal geometry in infinite dimensions 


For the sake of completeness, we prove a formal inverse function theorem and the exis¬ 
tence of a flow of a vector field in infinite dimensions. The results here are straightforward 
generalizations of well-known results in finite dimensions, but we could not find a reference. 
Throughout the section, we assume that R is a linearly topologized ring containing Q and 
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that R is complete and Hausdorff. We denote by { R ,,} a fundamental neighbourhood system 
of zero consisting of ideals of R. 

Let x = {xi, x 2 , X 3 ,...} be a countably infinite set of variables. A morphism 
/: Spf(-R[x]) —» Spf(/([x]) of formal schemes over R (see oj2~i] for /([x]) is given by a 
tuple {f*(x 1 ), f*(x 2 ), f*{x 3 ),... } of elements in R{xj such that f*(xi)| x=0 G R n ii P and 
lim^^oo f*(x n ) = 0, where R, m \ p = {x £ R : lim^,*, x n = 0}. Consider the /(-module 


T := {(r n )“ , £ R n : lim r n = 0 j = (Q® N ) § R. 

L n—Kx) ) 


The topology on T is defined by submodules 
tinuous) tangent map df: T —* T defined by df(ei ) = YlJLi g x 
gives two important classes of morphisms. 


A morphism / associates the (con- 
The following 


gr(gi) 


x=0 


• for a continuous /(-module homomorphism A : T —> T with A(ei) = a j* e i’ we 
have a linear map / given by f*(xj) = Xlyli a ji' x d 

• for an element (r,-)^ G T with r ; e R n n p , we have a translation map / given by 

f*(x j )=x j + r j . J 


Theorem A.l (formal inverse function theorem). Let f: Spf(/?[x]) —» Spf(/?[x]) be a mor¬ 
phism of formal schemes over R. If the tangent map df: T —?Tatx = 0 is an isomorphism, 
f is an isomorphism. 


Proof By composing with a linear map and a translation, we may assume that /(0) = 0 
and the tangent map df is the identity. Then the truncation of f* given by R\x 1 ,..., x n ] C 

f* 

Z([x] A_!. /([x] i?[xi,... ,x n ] is an isomorphism, by the inverse function theorem in 
finite dimensions (see [ j32| . Appendix A]; the proof over a discrete ring works verbatim over 
R). It follows easily that f* is an isomorphism. □ 


Next we discuss the integrability of a formal vector field. A formal vector field on 
Spf(/([x]) over R is a formal sum V = ^4( x ) gf- with 14(x) £ /([x] such that 

linx^oo 14(x) = 0. We consider the flow t ha x(t) = (x n (f)))4i satisfying 


(A.l) 


dx n (t ) 
dt 


= V n (x(t)) with x n (0) = x r 


Theorem A.2. There exists a unique solution x(f) = (x n (t))f =] to the equation ( |A.1[ ) which 
defines a morphism Spf(/([x][f]) -A Spf(/([x]) of formal schemes. Let I C R be an ideal 
such that, for any v, there exists n £ LI such that I n C R u . If V),(x) £ /[x] for all n, then 
the substitution t = 1 in the solution x(t) is well-defined and we obtain a time-one flow map 
Spf(/?[x]) -A Spf(/?[x]). 


Proof. Note that V defines a well-defined continuous mapping V : /([x] -A /([x]. The flow 
is given by a continuous ring homomorphism R{xj -A Rfx] [f] defined by 99 ha exp (tV)ip = 
where V k is the fc-fold composition of V, see [Q 3C]. The former state¬ 
ment follows. To see the latter, it suffices to notice that lim^oo V k (p) = 0 uniformly for all 
p £ /([x] under the assumption. □ 






32 


HIROSHI IRITANI 


References 


[1] Alan Adolphson. Hypergeometric functions and rings generated by monomials. Duke Math. J., 73(2):269— 
290, 1994. 

[2] M. F. Atiyah and R. Bott. The moment map and equivariant cohomology. Topology, 23(1): 1—28, 1984. 

[3] Serguei Barannikov. Semi-infinite Hodge structure and mirror symmetry for projective spaces. 
arXiv:math.AG/00101571 2001. 


[4] Lev A. Borisov and R. Paul Horja. On the better behaved version of the GKZ hypergeometric system. 
Math. Ann., 357(2):585-603,2013. 

[5] Alexander Braverman, Davesh Maulik, and Andrei Okounkov. Quantum cohomology of the Springer 
resolution. Adv. Math., 227( 1 ):421—458, 2011. 

[6] Kwokwai Chan, Siu-Cheong Lau, Naichung-Conan Leung, and Hsian-Hua Tseng. Open Gromov-Witten 


invariants, mirror maps, and Seidel representations for toric manifolds. arXiv: 1209.6119,2012. 


[7] Daewoong Cheong, Ionut Ciocan-Fontanine, and Bumsig Kim. Orbifold quasimap theory. Math. Ann., 


363(3-4)777-816,2015. arXiv: 1405.7160 [math.AG] 


[8] T.-M. Chiang, A. Klemm, S.-T. Yau, and E. Zaslow. Local mirror symmetry: calculations and interpreta¬ 
tions. Adv. Theor. Math. Phys., 3(3):495-565,1999. 

[9] Cheol-Hyun Cho and Yong-Geun Oh. Floer cohomology and disc instantons of Lagrangian torus fibers in 
Fano toric manifolds. Asian J. Math., 10(4)773-814,2006. 

[10] Ionut Ciocan-Fontanine and Bumsig Kim. Wall-crossing in genus-zero quasimap theory and mirror maps. 
Algebr. Geom., l(4):400-448, 2014. arXiv: 1304.7506. 

[11] Tom Coates, Alessio Corti, Hiroshi Iritani, and Hsian-Hua Tseng. Computing genus-zero twisted Gromov- 
Witten invariants. Duke Math. J., 147(3):377^138,2009. 

[12] Tom Coates, Alessio Corti, Hiroshi Iritani, and Hsian-Hua Tseng. A mirror theorem for toric stacks. 


Compos. Math., 151 (10): 1878—1912, 2015. arXiv: 1310.4163 [math. AG] 


[13] Tom Coates, Alessio Corti, Yuan-Pin Lee, and Hsian-Hua Tseng. The quantum orbifold cohomology of 
weighted projective spaces. Acta Math., 202(2)739-193,2009. 

[14] Tom Coates and Alexander Givental. Quantum Riemann-Roch, Lefschetz and Serre. Ann. of Math. (2), 
165(1)75-53,2007. 

[15] David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties, volume 124 of Graduate Studies in 
Mathematics. American Mathematical Society, Providence, RI, 2011. 

[16] Antoine Douai and Etienne Mann. The small quantum cohomology of a weighted projective space, a 
mirror //-module and their classical limits. Geom. Dedicata, 164:187-226, 2013. 

[17] Antoine Douai and Claude Sabbah. Gauss-Manin systems, Brieskorn lattices and Frobenius structures. II. 
In Frobenius manifolds. Aspects Math., E36, pages 1-18. Vieweg, Wiesbaden, 2004. 

[18] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono. Lagrangian Floer theory on compact toric 
manifolds. I. Duke Math. J., 151 (1):23—174, 2010. 

[19] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono. Lagrangian Floer theory on compact toric 
manifolds II: bulk deformations. Selecta Math. (N.S.), 17(3):609—711,2011. 

[20] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono. Lagrangian Floer theory and mirror sym¬ 


metry on compact toric manifolds. Asterisque, (376):vi+340, 2016. 


arXiv:1009.164S. 


[21] Alexander Givental. Elliptic Gromov-Witten invariants and the generalized mirror conjecture. In Inte- 
gruble systems and algebraic geometry (Kobe/Kyoto, 1997), pages 107-155. World Sci. Publ., River Edge, 
NJ, 1998. 

[22] Alexander Givental. A mirror theorem for toric complete intersections. In Topological field theory, prim¬ 
itive forms and related topics (Kyoto, 1996), volume 160 of Progr. Math., pages 141-175. Birkhauser 
Boston, Boston, MA, 1998. 

[23] Alexander Givental. Symplectic geometry of Frobenius structures. In Frobenius manifolds. Aspects Math., 
E36, pages 91-112. Friedr. Vieweg, Wiesbaden, 2004. 

[24] Alexander B. Givental. Homological geometry and mirror symmetry. In Proceedings of the International 
Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994), pages 472-480. Birkhauser, Basel, 1995. 








A MIRROR CONSTRUCTION FOR TORIC QUANTUM COHOMOLOGY 


33 


[25] Eduardo Gonzalez and Hiroshi Iritani. Seidel elements and mirror transformations. Selecta Math. (N.S.), 
18(3):557-590,2012. 

[26] Eduardo Gonzalez and Hiroshi Iritani. Seidel elements and potential functions for holomorphic disc count- 

,2013. 


mg- 


arXiv:1301.5454 


[27] Eduardo Gonzalez and Chris Woodward. Quantum cohomology and toric minimal model programs. 2012. 


arXiv:1010.2118 


[28] Tom Graber and Rahul Pandharipande. Localization of virtual classes. Invent. Math., 135(2):487-518, 
1999. 

[29] Mark Gross. Mirror symmetry for P 2 and tropical geometry. Adv. Math., 224(1): 169-245,2010. 

[30] A. Grothendieck. Elements de geometrie algebrique. I. Le langage des schemas. Inst. Hautes Etudes Sci. 
Publ. Math., (4):228, 1960. 

[31] Martin Guest and Hironori Sakai. Orbifold quantum D-modules associated to weighted projective spaces. 
Comment. Math. Helv., 89(2):273-297,2014. 

[32] Michiel Hazewinkel. Formal groups and applications, volume 78 of Pure and Applied Mathematics. Aca¬ 
demic Press, Inc. [Harcourt Brace Jovanovich, Publ ishers], New York-London , 1978. 

[33] Kentaro Hori and Cumrum Vafa. Mirror symmetry. arXiv:hep-th/0002222 ,2000. 

[34] Yulij Ilyashenko and Sergei Yakovenko. Lectures on analytic differential equations, volume 86 of Gradu¬ 
ate Studies in Mathematics. American Mathematical Society, Providence, RI, 2008. 

[35] Hiroshi Iritani. Convergence of quantum cohomology by quantum Lefschetz. J. Reine Angew. Math., 
610:29-69,2007. 

[36] Hiroshi Iritani. Quantum /7-modules and generalized mirror transformations. Topology, 47(4):225-276, 
2008. 

[37] Hiroshi Iritani. An integral structure in quantum cohomology and mirror symmetry for toric orbifolds. 
Adv. Math., 222(3): 1016-1079,2009. 

[38] Hiroshi Iritani. Shift operators and toric mirror theorem, to appear in Geometry & Topology, 2014. 

[39] Yukiko Konishi and Satoshi Minabe. Local B-model and mixed Hodge structure. Adv. Theor. Math. Phys., 
14(4): 1089-1145,2010. 

[40] Changzheng Li, Si Li, and Kyoji Saito. Primitive forms via polyvector fields. arXiv: 1311. 1659| , 2013. 

[41] Bong H. Lian, Kefeng Liu, and Shing-Tung Yau. Mirror principle. I. Asian J. Math., l(4):729-763,1997. 

[42] Davesh Maulik and Andrei Okounkov. Quantum groups and quantum cohomology. 
arXiv:1211.1287[math.AG ] , 2012. 

[43] Dusa McDuff and Susan Tolman. Topological properties of Hamiltonian circle actions. IMRP Int. Math. 
Res. Pap., pages 72826, 1-77, 2006. 

[44] Michael McQuillan. Formal formal schemes. In Topology and geometry: commemorating SISTAG, volume 
314 of Contemp. Math., pages 187-198. Amer. Math. Soc., Providence, RI, 2002. 

[45] Takuro Mochizuki. Twistor property of GKZ-hypergeometric systems. 2015. arXiv: 1501.0414£. 

[46] Tadao Oda. Convex bodies and algebraic geometry, volume 15 of Ergebnisse der Mathematik und Hirer 
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1988. An in¬ 
troduction to the theory of toric varieties. Translated from the Japanese. 

[47] Andrei Okounkov and Rahul Pandharipande. The quantum differential equation of the Hilbert scheme of 
points in the plane. Transform. Groups, 15(4):965-982,2010. 

[48] Yaron Ostrover and Ilya Tyomkin. On the quantum homology algebra of toric Fano manifolds. Selecta 
Math. (N.S.), 15(1):121-149,2009. 

[49] Rahul Pandharipande. Rational curves on hypersurfaces (after A. Givental). Asterisque, (252):Exp. No. 
848, 5, 307-340, 1998. Seminaire Bourbaki. Vol. 1997/98. 

[50] Thomas Reichelt and Christian Sevenhec k. Non-affine Landau-Ginzburg models and intersection coho¬ 
mology. 


arXiv:1210.6527 [math.AG],2012. 


[51] Thomas Reichelt and Christian Sevenheck. Logarithmic Frobenius manifolds, hypergeometric systems 
and quantum D-modules. J. Algebraic Geom., 24(2):201-281,2015. 


arXiv:1010.2118 


[52] Claude Sabbah. Hypergeometric period for a tame polynomial. C. R. Acad. Sci. Paris Ser. I Math., 
328(7):603-608,1999. A longer version published in: Port. Math. (N.S.) 63 (2006), no.2, 173-226. 












34 


HIROSHI IRITANI 


(k) 

[53] Kyoji Saito. The higher residue pairings h ' F ’ for a family of hypersurface singular points. 40:441-463, 
1983. 

[54] Kyoji Saito. Period mapping associated to a primitive form. Publ. Res. Inst. Math. Sci., 19(3): 1231—1264, 
1983. 

[55] Morihiko Saito. On the structure of Brieskorn lattices, II. arXiv: 1312.6629 ,2013. 

[56] Paul Seidel. 7Ti of symplectic autom orphism groups and inver tibles in quantum homology rings. Geom. 
Fund Anal., 7(6): 1046-1095,1997. arXiv: dg-ga/9511011. 


[57] 

[58] 

[59] 

[60] 


Constantine Teleman. Mirror symmetry and gauge theory. 2014. arXiv: 1404.6305 . 

Chris T. Woodward. Quantum Kirwan morphism and Gromov-W itten invariants of q uotients I, II, III. 
Transform. Groups, 20(2,3,4):507-556,881-920,1155-1193,2015. arXiv: 1204.1765| . 

Takehiko Yasuda. Non-adic formal schemes. Int. Math. Res. Not. IMRN, (13):2417-2475,2009. 

Fenglong You. Seidel elements and mirror transformations for toric stacks. Michigan Math ../., 65(1):199— 
224, 2016. 


arXiv:1411.7732 


E-mail address : iritani@math.kyoto-u.ac . jp 


Department of Mathematics, Graduate School of Science, Kyoto University, 
Kitashirakawa-Oiwake-cho, Sakyo-ku, Kyoto, 606-8502, Japan 















